
THE COMPLEX OF CURVES PAIRWISE INTERSECTING AT MOST
ONCE IS CONTRACTIBLE IN GENUS TWO

Apex Intelligence

Abstract. Let S2 be the closed orientable surface of genus two and let C1(S2) be the flag
complex on isotopy classes of essential simple closed curves in which a finite set of classes spans a
simplex when the classes pairwise have geometric intersection number at most one. We prove that
C1(S2) is contractible. Using the hyperelliptic involution, we identify the relevant curve classes
with arcs and separating circles on a sphere with six marked points. We give a self-contained
proof of this correspondence and apply a filtration spectral sequence to Hatcher’s contractible arc
complex. A counting argument using the six Weierstrass points shows that the links associated
with the positive filtration strata are contractible. We also prove that C1(Sg) is simply connected
for every g ≥ 2, as asserted without proof by Souto.
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1. Introduction

1.1. The complexes Cd. Let Sg be the closed connected orientable surface of genus g and let
S(Sg) denote the set of isotopy classes of essential simple closed curves in Sg; essential means
embedded and not bounding a disc. Write i(·, ·) for the geometric intersection number, that is,
the minimum of |a ∩ b| over transverse representatives of the two classes. For an integer d ≥ 0
the d-curve complex Cd(Sg) is the simplicial complex with vertex set S(Sg) in which a finite
subset {γ0, . . . , γk} spans a k-simplex if and only if i(γa, γb) ≤ d for all a, b. Thus C0(Sg) is the
classical curve complex of Harvey, and each Cd(Sg) is by construction the flag complex on its
own 1-skeleton. The inclusions C0(Sg) ↪→ C1(Sg) ↪→ · · · are equivariant for the action of the
mapping class group.

The homotopy type of C0(Sg) is known: by Harer [7] it is homotopy equivalent to a wedge of
spheres of dimension 2g − 2, so for g ≥ 2 it is simply connected — a fact we shall use in Section 7

— but it is never contractible. Souto [8] observed that the situation changes as soon as one allows
curves to cross: he proved that the inclusion C0(S) ↪→ C1(S) is homotopic to a constant map,
and asked whether C1(S) — or, if not, some Cd(S) — is contractible. That question is the
subject of the present paper. Souto’s unpublished note [8], Question 2, is also cited in [9]. The
complexes C0(Sg), C1(Sg) and Cd(Sg) have the same infinite vertex set. The additional edges
with i = 1 and the simplices they span distinguish C1 from C0.

Two features of C1 make it harder to handle than C0. First, it is not pure: its maximal simplices
have different dimensions, which complicates an approach based on collapsing top-dimensional
cells. Second, the natural sources of contractible models for curve complexes — arc complexes
and their relatives — are complexes of disjoint objects, and allowing one intersection changes
the combinatorial structure on which the standard arguments for these models rely.
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1.2. Results. Our main theorem answers Souto’s question affirmatively in genus two.

Theorem 1.1. Let S2 be the closed orientable surface of genus two and C1(S2) the flag complex
on isotopy classes of essential simple closed curves, with a simplex for each finite set of classes
pairwise of geometric intersection number at most one. Then C1(S2) is contractible.

We first prove acyclicity and then combine it with simple connectivity. We state these two
results separately.

Theorem 1.2. H̃∗
(
C1(S2);Z

)
= 0.

Theorem 1.3. For every g ≥ 2 the complex C1(Sg) is simply connected.

Souto [8] stated Theorem 1.3 without proof. Our proof in Section 7 applies to every g ≥ 2 and
uses Harer’s description of the homotopy type of C0(Sg) together with an elementary surgery
on an edge. It is independent of the genus-two constructions and of the contractibility of the
arc-and-curve complex used in Souto’s approach. Theorems 1.2 and 1.3 give Theorem 1.1 by
Hurewicz and Whitehead.

We also give a self-contained proof of the genus-two correspondence usually deduced from the
Birman–Hilden theorem. Let ι be the hyperelliptic involution of S2, let π : S2 → S2/ι ∼= S2 be
the quotient branched double cover and let B ⊂ S2 be its branch set, a set of six points. Write
Σ = (S2, B).

Theorem 1.4. The map α 7→ π−1(α) induces a bijection from the set of isotopy classes in Σ of
essential arcs joining two distinct points of B, together with the set of isotopy classes of simple
closed curves in S2 \ B separating B into two sets of three, onto the set of isotopy classes of
essential simple closed curves in S2. Arcs correspond to non-separating curves and 3|3 circles to
separating curves.

Theorem 1.1 has two further consequences. First, Hk(C1(S2);Z) = 0 for all k ≥ 1 and
H0 = Z; in particular the top reduced homology H̃11 vanishes, 11 being the dimension of C1(S2)
(Proposition 6.2). Second, the full subcomplex of C1(S2) spanned by the non-separating classes
is contractible as well.

1.3. Method. The proof has four steps.
(i) Transport to the marked sphere. Fix the hyperelliptic involution ι of a genus two surface. It

has six fixed points and acts trivially on isotopy classes of simple closed curves. Thus C1(S2) can
be described on the quotient orbifold Σ = (S2, B), where non-separating curves become essential
arcs joining two distinct branch points and separating curves become circles splitting B as 3|3.
Section 4 proves this correspondence using a lifting lemma for ambient isotopies, a projection
lemma for ι-invariant curves, and a descent lemma whose argument goes back to Winarski’s
combinatorial proof of the Birman–Hilden theorem.

(ii) The intersection formula. Under the dictionary, the geometric intersection number upstairs
is computed downstairs by

i(α̃, β̃) = 2ȷ̂(α, β) + e(α, β),
where ȷ̂ is the minimal number of interior intersections of the two arcs and e ∈ {0, 1, 2} the
number of shared endpoints. The proof uses a hyperbolic metric compatible with the branched
cover. If one equips S2 \B with a complete hyperbolic metric of finite area, then the six branch
points become cusps, their preimages upstairs become cusps as well, and the preimage of an
arc is not a closed geodesic; the minimal-position theorem for closed geodesics does not apply
to these lifts. Instead we put on (S2, B) a hyperbolic cone metric with cone angle π at each of
the six points. Its pullback under π has cone angle 2π at each Weierstrass point, that is, it is a
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smooth closed hyperbolic metric on S2, for which ι is an isometry. We choose closed geodesic
representatives upstairs, so the classical statement that distinct simple closed geodesics are in
minimal position applies. The normalisation lemma and a topological count in the cover give the
upper bound. Geodesic representatives for the lifted cone metric give the matching lower bound.

(iii) A spectral sequence on the arc complex. Let A = A(S2, B) be Hatcher’s arc complex,
which is contractible. Its simplices are collections of arcs with disjoint interiors; X, the complex
which models the non-separating part of C1(S2), is the subcomplex obtained by discarding two
kinds of configuration: single loop arcs, and pairs of distinct arcs with the same pair of endpoints.
Filtering A by the number of vertices involved in such bad configurations produces a spectral
sequence of a bounded filtration with augmentation — the row q = −1 is present, so it is not
first quadrant — whose E1-page is

⊕
S H̃q(LS) over the strata S, converging to H̃∗(A) = 0 and

whose column p = 0 is H̃∗(X). It remains to prove that the links LS of the positive strata are
contractible.

(iv) Counting marked points. The link LS of a stratum is a full flag subcomplex of X, and
it is a cone if it contains a vertex adjacent to every other vertex. The stratum S decomposes
canonically into objects: its loops, and its maximal families of arcs sharing a pair of endpoints.
Each object is a connected embedded graph in S2 with at least two complementary discs, and we
show that at least two of these complementary discs are free, meaning that their closure contains
no other object. Each free disc must contain a marked point not touched by S, by essentiality;
and the number of untouched marked points is 6− V ′ where V ′ is the number of marked points
met by S. The count

k(g1) + k(g2) ≤ 6− V ′ ≤ 5
forces one of the two free discs to contain exactly one or two marked points, and on such a disc
an explicit cone point can be produced. This inequality is the only place where the number six
enters, and it is the reason the argument stops at genus two.

1.4. Scope of the results. The contractibility theorem concerns the closed surface of genus
two. The count in Section 9 uses the six branch points of its hyperelliptic quotient. With eight
branch points in genus three, the same inequality no longer produces the required face. Moreover,
the genus-two correspondence used here does not identify the full curve complex in higher genus
by the same argument. Theorem 1.3 still gives simple connectivity for every g ≥ 3.

Theorem 1.1 does not address punctured or bordered surfaces. Forgetting a puncture can
identify distinct isotopy classes of curves, and the proof gives no homotopy equivalence between
C1(Σg,1) and C1(Sg). In particular, contractibility of either complex cannot be deduced from the
other by the arguments given here.

The proof is structural and uses no computation on finite truncations. The homology of a
finite subcomplex or a finite quotient does not by itself determine the homology of C1(S2): a
class in a finite subcomplex may vanish under inclusion into the full complex. Thus non-zero
Betti numbers of a finite truncation do not contradict Theorem 1.1.

1.5. Organisation. Section 2 fixes the complexes, the notion of isotopy that will be used
throughout, and the transversality convention. Section 3 constructs the two hyperbolic structures
and proves what is needed about geodesic representatives of arcs. Section 4 proves the hyperelliptic
dictionary, Theorem 1.4. Section 5 proves the intersection number formula and deduces the
adjacency criterion. Section 6 identifies C1(S2) up to homotopy with the complex X on the
marked sphere and computes its dimension. Section 7 proves Theorem 1.3. Section 8 sets up
the spectral sequence on the augmented chain complex. Section 9 proves the budget lemma and
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produces a good face, and Section 10 proves that the links are cones. Section 11 assembles the
proof of Theorems 1.2 and 1.1.

2. Complexes, arcs and conventions

2.1. The surface and its involution. Throughout, S2 is a closed connected orientable surface
of genus two. A curve in S2 means an embedded circle; it is essential if it does not bound a disc.
We write S for the set of isotopy classes of essential curves, and

C1(S2) :=
{
{γ0, . . . , γk} ⊂ S finite : i(γa, γb) ≤ 1 for all a, b

}
,

the flag complex on the graph with vertex set S and an edge whenever i ≤ 1. We write Cns
1 (S2)

for the full subcomplex spanned by the classes of non-separating curves.
We fix once and for all the following model. Let B ⊂ S2 be a set of six points and let

θ : π1(S2 \B) −→ Z/2
be the homomorphism sending each small meridian loop around a point of B to the non-trivial
element; θ is well defined because the product of the six meridians is trivial in π1(S2 \B) and 6
is even, and it is surjective. Let S◦

2 → S2 \B be the connected double cover corresponding to
ker θ and let

π : S2 −→ S2

be the branched double cover obtained by filling in one point over each point of B; near such a
point π has the local model z 7→ z2. Riemann–Hurwitz gives χ(S2) = 2 · 2− 6 = −2, so the total
space is indeed a closed orientable surface of genus two, and every closed orientable surface of
genus two is homeomorphic to it. We write

W := π−1(B) (the six Weierstrass points), ι : S2 → S2

for the deck involution of the cover, so that Fix(ι) = W , π ◦ ι = π, and π restricts to an
unbranched double covering π◦ : S2 \W → S2 \B with deck group ⟨ι⟩. Finally set

Σ := (S2, B).
Since all closed genus two surfaces are homeomorphic, it suffices to prove Theorem 1.1 for this
model.

2.2. Isotopy in the marked sphere. Objects on Σ will always be compared by ambient isotopy
of the sphere which does not move the marked points.

Convention 2.1 (Isotopy in Σ). Two subsets Z, Z ′ ⊂ S2 are isotopic in Σ, written Z ≃ Z ′, if
there is an isotopy {ht}t∈[0,1] of S2 with h0 = id, with ht|B = id for every t, and with h1(Z) = Z ′.

Remark 2.2. It is enough to require that each ht preserve B setwise. Indeed B is finite hence
discrete, t 7→ ht(b) is continuous with values in B, and h0(b) = b; so ht(b) = b for all t.

Under Convention 2.1, an arc may rotate about its endpoints: the marked points are fixed,
but the departure directions are not. We use this freedom in the normalisation of Lemma 5.3
in Section 5. Isotopies relative to the boundary of a sub-disc are a stronger condition. The
uniqueness results in Section 10 hold under that condition as well; see Remark 10.3.
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2.3. Arcs. We use Hatcher’s notion of essential arc.

Definition 2.3. An arc in Σ is an embedded arc α ⊂ S2 meeting B exactly in its two endpoints,
which lie in B and are permitted to coincide. The arc is essential if it does not separate S2 into
two components one of which is a disc meeting B only in the endpoints of α. An arc whose
endpoints coincide is a loop; otherwise it is a non-loop arc, and its endpoint pair ep(α) ⊂ B is
the two-element set of its endpoints.

Observation 2.4. Every non-loop arc is essential. Indeed if α has distinct endpoints then S2 \ α
is homeomorphic to an open disc, so α does not separate S2 at all. Only loops can fail to be
essential.

We also use 3|3 circles: embedded circles in S2 \B which separate B into two sets of three
points.

Definition 2.5. A := A(S2, B) is the simplicial complex whose vertices are the isotopy classes
(Convention 2.1) of essential arcs in Σ, loops included, and in which {α0, . . . , αk} spans a k-
simplex when the classes admit representatives which are pairwise disjoint except possibly at
endpoints and which are pairwise non-isotopic.

X is the flag complex on the graph G whose vertices are the isotopy classes of non-loop arcs in
Σ, with α ∼ β (for α ̸= β) if and only if the two classes can be realised with disjoint interiors
and ep(α) ̸= ep(β).

Remark 2.6. X is a subcomplex of A, but it is not a full subcomplex: two distinct non-loop arcs
with the same endpoint pair can be realised with disjoint interiors, hence are adjacent in A, while
they are not adjacent in X.

2.4. Transversality, smoothness, and the three intersection quantities. Fix a smooth
structure on S2 and give S2 the smooth structure for which π is smooth and has the local model
z 7→ z2 at each Weierstrass point; this is produced concretely in Section 3.

Convention 2.7 (Smooth representatives). All representatives of arc classes are smooth em-
bedded arcs which meet B only at their endpoints and have non-vanishing derivative at the
endpoints.

Convention 2.8 (Transversality). Two arcs α, β are transverse, written α ⋔ β, if
(a) α ∩ β is a finite set, and
(b) at each point of int α ∩ int β the two tangent lines are distinct.

No condition is imposed at a shared endpoint.

The finiteness clause (a) is not implied by (b) and must be imposed. Indeed, in a coordinate
u centred at a marked point b, put α : u = t and β : u = t eig(t) with g(t) = e−1/t sin(1/t) for
t > 0 and g(0) = 0. Then g is smooth with all derivatives vanishing at 0, both arcs are smooth
and regular at b, every interior intersection is transverse in the sense of (b), and the intersection
set accumulates at b. Imposing (a) changes none of the minima below, since these minima are
attained on pairs with finitely many intersections.

Definition 2.9. For transverse arcs α, β set
j(α, β) :=

∣∣int α ∩ int β
∣∣, e(α, β) := #{shared endpoints} ∈ {0, 1, 2},

and for isotopy classes a ̸= b of essential arcs
ȷ̂(a, b) := min

{
j(α, β) : α ∈ a, β ∈ b, α ⋔ β

}
.
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Lemma 2.10. e depends only on the pair of isotopy classes; explicitly, for non-loop arcs
e(a, b) =

∣∣ep(a) ∩ ep(b)
∣∣.

Moreover π−1 carries the set of shared endpoints bijectively onto π−1(ep(a)) ∩ π−1(ep(b)) ⊂W .

Proof. By Convention 2.1 an isotopy fixes B pointwise, and the endpoints of an arc lie in B;
hence the endpoint pair of an arc is unchanged along an isotopy, and ep is a function of the class.
The set of shared endpoints is then ep(a) ∩ ep(b). Finally π|W : W → B is a bijection. □

By contrast j is not an isotopy invariant of a pair of classes; only its minimum ȷ̂ is. Wherever
the letter j appears below in a statement about classes it stands for ȷ̂.

3. Two hyperbolic structures

We use two hyperbolic structures on the marked sphere Σ = (S2, B). The cone metric of
§3.1 has angle π at each marked point and pulls back to a smooth closed hyperbolic metric on
S2. The cusped metric of §3.3 gives complete geodesic representatives of arcs, including loops,
that simultaneously realise the minimal intersection numbers of any family. These metrics serve
different purposes; see Remarks 3.7 and 4.3.

3.1. A hyperbolic cone metric with all cone angles π.

Lemma 3.1. There is a regular geodesic hexagon in H2 all of whose interior angles equal π/2.

Proof. For t > 0 let P (t) ⊂ H2 be the hexagon whose vertices are the six points at distance t from
a fixed origin along the geodesic rays making angles 2πk/6, k = 0, . . . , 5, consecutive vertices
being joined by geodesic segments. The hexagon P (t) is embedded and its six interior angles are
equal by symmetry; write ϑ(t) for the common value. The vertices depend continuously on t and
so does ϑ.

As t→ 0+ the rescaled hexagons converge to the Euclidean regular hexagon, whose interior
angle is 2π/3; hence ϑ(t) → 2π/3. As t → ∞ the vertices converge to six distinct points of
∂∞H2 and P (t) converges, edge by edge, to the ideal regular hexagon, whose interior angles are
0; hence ϑ(t)→ 0. Since π/2 ∈ (0, 2π/3), the intermediate value theorem provides t0 > 0 with
ϑ(t0) = π/2. □

Only the existence of t0 from Lemma 3.1 is needed below.
Write P := P (t0). By the Gauss–Bonnet formula for hyperbolic polygons, a geodesic n-gon

with interior angles θ1, . . . , θn (ideal vertices counted with θ = 0) has area (n− 2)π −
∑

i θi; thus
Area(P ) = (6− 2)π − 6 · π

2 = π. (1)

Proposition 3.2. Let D(P ) be the double of P , that is, two isometric copies P +, P − of P glued
by the identity along corresponding edges. Then D(P ) is homeomorphic to S2 and carries a
hyperbolic cone metric: it has constant curvature −1 away from the six images of the vertices,
and at each of these six points it has a cone point of angle π. Its total area is 2π.

Proof. Doubling a disc along its boundary gives a sphere. Away from the vertices, the metric
on D(P ) is smooth: in the interior of P ± this is clear, and along the interior of an edge the
two sides are exchanged by the reflection which is an isometry of the local model, so the two
hyperbolic half-discs glue to a hyperbolic disc. At an image of a vertex, two corners of angle π/2
meet, one from P + and one from P −, giving a cone point of angle π. The area is 2 Area(P ) = 2π
by (1). Consistently, the orbifold Euler characteristic of a sphere with six cone points of order
two is χorb = 2− 6(1− 1

2) = −1 and −2πχorb = 2π. □
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We identify the topological pair Σ = (S2, B) with D(P ) together with its six cone points,
and write ρ̄ for the resulting hyperbolic cone metric on Σ. This is legitimate because any two
six-element subsets of S2 are carried onto one another by a homeomorphism of S2.

Remark 3.3. The metric ρ̄ determines a conformal, hence smooth, structure on S2 \B, and this
structure extends over each cone point, a cone of angle π being conformally a disc. We take the
smooth structure of Convention 2.7 to be this one. Since any two smooth structures on S2 are
related by a diffeomorphism, and a diffeomorphism may be post-composed by one carrying any
given six-element set to any other, the cusped metric of §3.3 may be, and is, transported to the
same smooth manifold.

3.2. The pullback is a smooth closed hyperbolic surface.

Proposition 3.4. Let ρ := π∗ρ̄. Then ρ is a smooth hyperbolic metric on all of S2, of area 4π,
and ι is a ρ-isometry. In particular each Weierstrass point is a smooth point of (S2, ρ).

Proof. On S2 \W the map π is a local homeomorphism, indeed a covering, so ρ is there a smooth
metric of curvature −1. At w ∈W the map π has the local model z 7→ z2, which pulls a cone
point of angle ϕ back to a cone point of angle 2ϕ; here ϕ = π, so the cone angle upstairs is 2π,
that is, w is a smooth point.

The following cell count verifies this directly. The two open hexagons int P ± are simply
connected and disjoint from B, so each has two disjoint homeomorphic preimages; S2 is thus
tiled by four hexagons. The interior of each of the six edges has two preimages, giving twelve
edges, and the six cone points have six preimages, namely W . Hence

χ(S2) = 6− 12 + 4 = −2,

as it must be. At each point of W exactly four hexagon corners meet, each of angle π/2, so the
total angle is 2π: a smooth point. The area is 4 Area(P ) = 4π = −2πχ(S2).

Finally π ◦ ι = π gives ι∗ρ = ι∗π∗ρ̄ = (π ◦ ι)∗ρ̄ = π∗ρ̄ = ρ. □

Thus (S2, ρ) is a closed hyperbolic surface. We record the three classical facts about closed
hyperbolic surfaces that we shall use.

Fact 3.5. Let X be a closed hyperbolic surface.
(G1) Every essential closed curve in X is freely homotopic to a unique closed geodesic, and if

the curve is simple then that geodesic is simple.
(G2) Distinct simple closed geodesics in X are in minimal position; in particular the number

of their intersection points equals their geometric intersection number.
(G3) Two essential simple closed curves in X are isotopic if and only if they are homotopic.

For (G1) see Farb–Margalit [2, Proposition 1.6]; the existence and uniqueness part alone is [2,
Proposition 1.3], while the assertion that the geodesic representative of a simple curve is simple
is the content of Proposition 1.6. Statement (G2) is [2, Corollary 1.9], and (G3) is [2, Proposition
1.10].

The hyperbolic metric ρ makes S2 into a closed Riemann surface of genus two, and ι, being an
orientation preserving isometry, is a conformal involution with quotient of genus zero; that is, ι
is the hyperelliptic involution of that Riemann surface. We may therefore invoke:

Fact 3.6 (Haas–Susskind [5, Theorem 1]). Let J be the hyperelliptic involution of a genus
two Riemann surface M . Then every simple closed geodesic on M is mapped onto itself by J .
Moreover, if a is a simple closed geodesic, then J preserves the orientation of a when a is a
dividing curve and reverses it when a does not divide M .
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Remark 3.7. The cone angle π is smaller than 2π, so (Σ, ρ̄) is not locally CAT(0) at the marked
points: a path through a cone point can always be shortened by cutting the corner, and
consequently (Σ, ρ̄) contains no geodesic passing through a marked point, and the usual existence
and uniqueness statements for geodesic representatives are unavailable downstairs. We never use
them there. In this paper the cone metric is used only through its pullback ρ, which lives on a
smooth closed surface where Fact 3.5 applies verbatim; downstairs ρ̄ plays a purely topological
role.

3.3. The cusped metric and geodesic representatives of arcs. Let P∞ ⊂ H2 be the ideal
regular hexagon and let Σ◦ be the double D(P∞) with its six ideal vertices removed. Doubling
gives a complete hyperbolic metric h of curvature −1, smooth everywhere (the argument of
Proposition 3.2 applies along the edges), with six cusps and area 2 · 4π = 8π = −2πχ(Σ◦), since
χ(S2 \ B) = 2 − 6 = −4. Identifying D(P∞) with (S2, B) as in Remark 3.3, we regard h as a
complete hyperbolic metric of finite area on Σ◦ := S2 \B.

We keep the following notation for the rest of §3.3. Let p : H2 → Σ◦ be the universal cover
with deck group Γ ∼= π1(Σ◦), a free group of rank five; Γ is discrete, acts freely, and is torsion
free. For each b ∈ B fix an embedded cusp neighbourhood Cb ⊂ Σ◦, the Cb pairwise disjoint, so
that p−1(Cb) is a disjoint union of open horoballs, any two of which are equal or disjoint; each
such horoball H has a base point in ∂∞H2 whose stabiliser in Γ is infinite cyclic generated by
a parabolic, and H/ Stab(H) ∼= Cb. Let P Γ

∞ ⊂ ∂∞H2 denote the set of base points of all these
horoballs. If α is an essential arc, we write α◦ := α \B, a properly embedded line in Σ◦. Finally we
write mb ∈ H1(Σ◦;Z) for the class of a small loop around b; one has H1(Σ◦;Z) ∼= ZB/

(∑
b∈B mb

)
.

After shrinking the Cb we may and do assume that for each of the finitely many arcs under
consideration at a given moment, α ∩ Cb consists exactly of the ends of α running into b.

Lemma 3.8 (Ideal endpoints). Let α be an arc in Σ and α̃ ⊂ H2 a lift of α◦. Then each end of α̃
converges to a point of P Γ

∞, the two limits x, y being the base points of the horoballs containing the
two ends, and α̃ ∪ {x, y} is an arc in the closed disc H2 = H2 ∪ ∂∞H2. We write ∂∞α̃ := {x, y}.

Proof. One end of α◦ eventually lies in Cb, b being the corresponding endpoint of α; that end is
connected, so its lift eventually lies in a single component Hx of p−1(Cb), with base point x. The
closure of Hx in H2 meets ∂∞H2 only in x, and the end is a proper ray in H2, so it leaves every
compact set and its limit set is contained in {x}; hence it converges to x. The same applies to
the other end, with limit y. Extending a parametrisation R→ H2 of α̃ to [−∞, +∞]→ H2 gives
a continuous injection from a compact space to a Hausdorff space, hence a homeomorphism onto
its image. □

Lemma 3.9 (Essential arcs have distinct ideal endpoints). If α is essential then x ̸= y.

Proof. If the two endpoints of α are distinct points b ̸= b′ then x and y are base points of
horoballs lying over different cusps, hence in different Γ-orbits, so x ̸= y.

Suppose then that α is a loop based at b, and assume x = y; write H := Hx and let
StabΓ(x) = ⟨g⟩, generated by a parabolic, with g corresponding to the loop ∂Cb. The arc α
separates S2 into two open discs D1, D2; put ni := |Di ∩ B|, so n1 + n2 = 5, and essentiality
says exactly that n1 ≥ 1 and n2 ≥ 1.

The two ends of α divide the circle ∂Cb into two arcs; let c1 be the one contained in D1 and let
γ1 :=

(
α \ Cb

)
∪ c1,
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a simple closed curve in Σ◦. On one side of γ1 lie the n1 marked points of D1 ∩B; on the other
side lie b and the n2 marked points of D2 ∩B. Consequently, with a suitable orientation,

[γ1] =
∑
q∈S

mq ∈ H1(Σ◦;Z), S := D1 ∩B, b /∈ S, |S| = n1. (2)

We now compute [γ1] a second way. Since x = y, both ends of α̃ lie in H; as α ∩ Cb consists
exactly of the two ends and α is embedded, α̃ ∩ p−1(Cb) consists exactly of those two ends, so
K := α̃ \H is a compact arc with endpoints p−, p+ ∈ ∂H. Lift γ1 starting at p−: the lift runs
along K to p+ and then along a lift of c1, which is a path in ∂H, ending at some q ∈ ∂H. If
k ∈ Γ is the deck transformation corresponding to [γ1] under this choice of base point, then
q = k(p−). Now p− ∈ ∂H and k(p−) ∈ ∂H force k(H) ∩H ̸= ∅, hence k(H) = H and k ∈ ⟨g⟩.
Therefore [γ1] is an integral multiple of mb in H1(Σ◦;Z), say [γ1] = κ mb.

Comparing with (2) in ZB/(
∑

q∈B mq) means that in ZB

1S − κ eb = λ 1B for some λ ∈ Z.

Reading off the coordinate at a point q /∈ S ∪ {b} gives λ = 0; reading off the coordinate at a
point q ∈ S gives λ = 1. Hence either S = ∅, that is n1 = 0, or S ∪ {b} = B, that is n1 = 5 and
n2 = 0. Both contradict essentiality. □

Lemma 3.10 (Linking forces crossing). Let ℓ1, ℓ2 ⊂ H2 be properly embedded lines with ideal
endpoint pairs {x, y} and {u, v}, the four points being distinct, and suppose {u, v} separates
{x, y} on ∂∞H2. Then ℓ1 ∩ ℓ2 ̸= ∅.

Proof. By Lemma 3.8, ℓ̄1 := ℓ1 ∪ {x, y} is an arc in the closed disc H2 with its endpoints
on the boundary circle and its interior in the open disc. Let A1, A2 be the two open arcs of
∂∞H2 \ {x, y}. Then ℓ̄1 ∪ A1 is a Jordan curve, and by the Jordan curve theorem H2 \ ℓ̄1 has
exactly two components U1 ⊇ A1 and U2 ⊇ A2, both open in H2. Linking means, after renaming,
u ∈ A1 and v ∈ A2. The set ℓ̄2 is connected and meets both U1 and U2, hence meets ℓ̄1; since
the four ideal points are distinct, the intersection point is not ideal. □

Corollary 3.11. Two distinct complete geodesics of H2 meet if and only if their ideal endpoint
pairs link, and in that case they meet in exactly one point, transversally.

Proof. If they link they meet, by Lemma 3.10. If they meet in two points they coincide, since a
geodesic through two points of H2 is unique; and if they shared an ideal endpoint or had unlinked
endpoint pairs they would be disjoint. Meeting in exactly one point with distinct tangents is
transversality. □

Proposition 3.12 (Geodesic representatives of arcs). Let a be an isotopy class of essential arcs
in Σ, α0 ∈ a, and let {x, y} = ∂∞α̃0 for some lift α̃0; x ≠ y by Lemma 3.9. Let ℓ be the complete
geodesic of H2 with ideal endpoints x, y and put a∗ := p(ℓ). Then

(1) a∗ is a complete geodesic of (Σ◦, h) whose closure in S2 is an arc of Σ isotopic to α0;
(2) a∗ depends only on a, and is the unique complete geodesic representative in a;
(3) a∗ is simple, that is p|ℓ is injective.

Proof. (i) Let r : H2 → ℓ be the nearest point projection; it is continuous. Put F (s, t) := the point
at parameter t on the geodesic segment [α̃0(s), r(α̃0(s))]. Then F is continuous, F (·, 0) = α̃0 and
F (·, 1) = r ◦ α̃0, whose image is ℓ. The homotopy is proper: as s→ −∞ both α̃0(s) and r(α̃0(s))
converge to x, and horoballs are convex, so once both endpoints of a geodesic segment lie in
a horoball based at x the whole segment does; hence F

(
(−∞, s0]× [0, 1]

)
lies in that horoball

for s0 small enough. Symmetrically at the other end. Projecting, p ◦ F is a proper homotopy
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from α◦
0 to a∗ whose two ends stay in the respective cusp neighbourhoods throughout. Adding

the endpoints, we obtain a homotopy of arcs in Σ rel B between two embedded arcs. Here we
use Epstein’s theorem [10] that two embedded arcs in a surface which are homotopic rel their
endpoints are ambient isotopic; it is the arc counterpart of Fact 3.5(G3) and is what upgrades
the homotopy just produced to an isotopy in the sense of Convention 2.1. In particular, the
closure of a∗ in S2 is an arc with the same endpoints as α0.

(ii) The ideal endpoint pair is invariant under proper homotopy of arcs. Indeed if H : [0, 1]2 →
S2 is a homotopy through arcs with H(0, t) ≡ b, then by compactness there is δ > 0 with
H

(
(0, δ)× [0, 1]

)
⊂ Cb; a lift of this connected set lies in a single horoball, so the corresponding

ends of all the lifted arcs converge to the same ideal point. The same holds at the other end.
Two complete geodesics with the same ideal endpoint pair coincide, whence uniqueness.

(iii) First, the setwise stabiliser of ℓ in Γ is trivial. An element γ with γℓ = ℓ permutes {x, y};
if it swaps them then γ2 fixes both, and since Γ is torsion free and free, γ2 = 1 forces γ = 1; if it
fixes both then γ is hyperbolic with axis ℓ or the identity, and a hyperbolic element cannot share
exactly one fixed point with a parabolic element in a discrete group, while StabΓ(x) contains a
parabolic. Hence γ = 1. The same argument applies to α̃0, whose ideal endpoint pair is also
{x, y}.

Now suppose p|ℓ is not injective. Then there is γ ∈ Γ \ {1} with γℓ ∩ ℓ ̸= ∅, and γℓ ̸= ℓ by
the previous paragraph. By Corollary 3.11 the pairs {x, y} and {γx, γy} link. But α̃0 and γα̃0
have exactly these ideal endpoint pairs, so they meet by Lemma 3.10. Taking z ∈ γα̃0 ∩ α̃0, the
two distinct points γ−1z and z of α̃0 have the same image under p, contradicting the injectivity
of p|α̃0 , which holds because α0 is embedded. □

Theorem 3.13 (Geodesic representatives realise ȷ̂, simultaneously). Let a ≠ b be isotopy classes
of essential arcs in Σ with geodesic representatives a∗, b∗. Then for every pair of transverse
representatives α0 ∈ a, β0 ∈ b,

j(a∗, b∗) ≤ j(α0, β0),
so j(a∗, b∗) = ȷ̂(a, b). Consequently, for any family a1, . . . , ak of pairwise distinct classes of
essential arcs, the geodesic representatives a∗

1, . . . , a∗
k realise ȷ̂ for every pair simultaneously; in

particular, if ȷ̂(am, an) = 0 for all m, n, then the a∗
m have pairwise disjoint interiors.

Proof. The classes being distinct, a∗ ̸= b∗ by Proposition 3.12(ii). Fix a lift ℓ of a∗ and let α̃0 be
the lift of α◦

0 with the same ideal endpoint pair, which exists by Proposition 3.12(ii). Index the
lifts of b∗ and of β◦

0 by Γ compatibly, so that β̃(γ) and β̃
(γ)
0 have the same ideal endpoint pair

for each γ; this is possible because both families are free Γ-orbits and the ideal endpoint pair is
Γ-equivariant.

Since a∗ is simple, p|ℓ is injective and

j(a∗, b∗) =
∣∣ℓ ∩ p−1(b∗)

∣∣ =
∑

γ

∣∣ℓ ∩ β̃(γ)∣∣.
Each summand is at most 1 by Corollary 3.11, so with J := #{γ : ℓ ∩ β̃(γ) ̸= ∅} we get
j(a∗, b∗) = J . If ℓ ∩ β̃(γ) ̸= ∅ then the two ideal endpoint pairs link by Corollary 3.11, hence α̃0

and β̃
(γ)
0 meet by Lemma 3.10. Therefore

j(α0, β0) =
∣∣α̃0 ∩ p−1(β◦

0)
∣∣ =

∑
γ

∣∣α̃0 ∩ β̃
(γ)
0

∣∣ ≥ J.

This proves the inequality; taking the infimum over transverse pairs gives j(a∗, b∗) = ȷ̂(a, b). As
the geodesic representative of a class depends only on the class, a family of classes gives a fixed
family of curves realising ȷ̂ for every pair at once. □
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Theorem 3.13 also shows, a posteriori, that geodesic representatives bound no empty bigon
and no empty half-bigon: such a configuration could be removed by a homotopy supported near
the corresponding disc, lowering j below ȷ̂. In the half-bigon case the homotopy rotates the arc
about the marked point which is a corner of the disc, which is legitimate precisely because the
isotopies of Convention 2.1 allow an arc to turn about its endpoints. This also recovers the bigon
criterion needed for these representatives. The proof of Theorem 3.13 instead works directly in
H2, using the fact that distinct complete geodesics meet at most once.

4. The hyperelliptic dictionary

We prove Theorem 1.4 through lifting, projection and descent. The descent argument in §4.4
follows the Birman–Hilden theory and includes the details needed for this branched double cover.

Throughout, A̸= denotes the set of isotopy classes (Convention 2.1) of essential arcs of Σ with
two distinct endpoints, C the set of isotopy classes of 3|3 circles, and S the set of isotopy classes
of essential simple closed curves in the closed surface S2. Recall θ : π1(S2 \B)→ Z/2 from §2:
it sends every meridian of a point of B to the non-trivial element, and a loop lifts to a loop in
S2 \W if and only if θ kills it. We will use repeatedly the form of Riemann–Hurwitz appropriate
here: if q : Ỹ → Y is a double cover of compact surfaces, branched over k interior points with
local model z 7→ z2, then χ(Ỹ ) = 2χ(Y )− k.

4.1. Lifting isotopies.

Lemma 4.1. Let H : S2 × [0, 1]→ S2 be continuous, with each Ht := H(·, t) a homeomorphism,
H0 = id and Ht(B) = B for all t. Then there is a unique continuous H̃ : S2 × [0, 1]→ S2 with
H̃0 = id and π ◦ H̃t = Ht ◦ π for all t. Each H̃t is a homeomorphism commuting with ι and
fixing W pointwise. Consequently, for every ι-invariant subset Z ⊂ S2,

H̃1
(
π−1(Z)

)
= π−1(

H1(Z)
)
.

Proof. By Remark 2.2, Ht|B = id, so Ht preserves X := S2 \ B and F := H ◦ (π◦ × id) : (S2 \
W ) × [0, 1] → X is continuous. As π◦ is a covering map, the homotopy lifting property and
the uniqueness of lifts [3, Propositions 1.30 and 1.34] give a unique continuous lift H̃ of F on
(S2 \W )× [0, 1] with H̃0 = id; it satisfies πH̃t = Htπ there.

Lifting the inverse isotopy t 7→ H−1
t likewise gives H̃−, and Gt := H̃−

t ◦ H̃t is a lift of the
constant homotopy π◦ starting at the identity; by uniqueness of lifts Gt = id, and symmetrically.
So each H̃t is a homeomorphism of S2 \W . Similarly G′

t := ι−1H̃tι lifts F and starts at the
identity, whence G′

t = H̃t, that is, H̃t commutes with ι.
Extend by H̃(w, t) := w for w ∈ W . For continuity at (w, t0), let b := π(w) and let U ′ ∋ b

be an open disc with U ′ ∩ B = {b}; the sets U := π−1(U ′) form a neighbourhood basis of w.
Continuity of H at (b, t0), together with H(b, t0) = b, gives an open V ′ ∋ b and an interval J ∋ t0
with H(V ′ × J) ⊂ U ′; put V := π−1(V ′). For (x, t) ∈ V × J : if x ∈ W then H̃(x, t) = x and
π(x) = H(πx, t) ∈ U ′, so x ∈ U ; if x /∈W then πH̃(x, t) = H(πx, t) ∈ U ′, so H̃(x, t) ∈ U . Thus
H̃(V × J) ⊂ U .

Finally each H̃t is a continuous bijection of the compact Hausdorff space S2, hence a home-
omorphism; the identities πH̃t = Htπ and ιH̃t = H̃tι hold on the dense set S2 \ W , hence
everywhere. The last display follows by applying the first identity to H̃1 and to H̃−1

1 . □
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4.2. Preimages.

Lemma 4.2. Let α be an arc and c a simple closed curve in S2 \B.
(1) If α has two distinct endpoints then π−1(α) is a non-separating simple closed curve in

S2; in particular it is essential.
(2) If c is a 3|3 circle then π−1(c) is a separating essential simple closed curve which splits

S2 into two one-holed tori.
(3) If α is a loop based at b then π−1(α) is a wedge of two circles joined at w = π−1(b); it is

not a simple closed curve.

Proof. (i) Over the interior of α the map π is a double covering and over each endpoint it is
one-to-one, so π−1(α) is obtained from two copies of the interior by gluing their ends in pairs at
the two Weierstrass points: a circle, embedded because α is. Its complement is π−1(D), where
D = S2 \ α is an open disc containing the remaining four points of B; the group π1(D \B) is
generated by four meridians, each sent by θ to the non-trivial element, so the cover is connected.
A curve with connected complement does not separate.

(ii) The class [c] in H1(S2 \B;Z/2) is the sum of the three meridians on one side, so θ([c]) ̸= 0
and π−1(c) is connected: a simple closed curve double covering c. Write D1, D2 for the two
closed discs bounded by c, each containing three points of B. Each π−1(Di) is connected, again
because a meridian is not killed by θ, and Riemann–Hurwitz gives χ(π−1(Di)) = 2 · 1− 3 = −1.
A connected compact surface with one boundary circle has χ = 1− 2g, so g = 1: each π−1(Di)
is a one-holed torus. Hence π−1(c) separates and is essential.

(iii) Removing b from α leaves an open arc whose preimage is two open arcs, and both ends of
each of them converge to w; so π−1(α) is the union of two circles meeting exactly at w. □

Remark 4.3. Part (iii) explains the need for the cusped metric. The results on unique closed
geodesics and minimal position for ρ apply to simple closed curves, whereas the preimage of a loop
arc is not simple. For families containing loop arcs we use the cusped metric and Theorem 3.13.

4.3. Projections.

Lemma 4.4. Let a ⊂ S2 be an ι-invariant essential simple closed curve, not assumed geodesic.
Then exactly one of the following holds.

(1) a ∩W consists of two points, a is non-separating, π(a) is an essential arc joining two
distinct points of B, and π−1(π(a)) = a.

(2) a ∩W = ∅, a is separating, π(a) is a 3|3 circle, and π−1(π(a)) = a.

Proof. ι-invariance gives π−1(π(a)) = a ∪ ι(a) = a at once. The restriction ι|a is an involution of
a circle, not the identity (else a ⊆W , a finite set). A non-trivial involution of a circle is either
orientation-reversing with exactly two fixed points, or orientation-preserving and free. Its fixed
point set is a ∩W .

Case (i): a ∩W = {w1, w2}. Then bi := π(wi) are two distinct points of B, the quotient a/ι is
an arc, and π|a factors through it injectively, so π(a) is an embedded arc with endpoints b1, b2; its
interior misses B because a ∩W consists of the two endpoints. It is essential by Observation 2.4.
Non-separation follows as in Lemma 4.2(i).

Case (ii): a ∩W = ∅. Then π(a) is an embedded circle in S2 \ B, bounding closed discs
D1, D2 with ki := |Di ∩B| and k1 + k2 = 6. If some ki = 0 then π−1(Di) is a disjoint union of
two discs and a bounds a disc, contradicting essentiality. Since a is connected, π(a) does not lift,
that is, θ([π(a)]) ̸= 0; as [π(a)] is the sum of the ki meridians inside Di, each ki is odd. If ki = 1
then π−1(Di) is connected with χ = 2 · 1− 1 = 1 and one boundary circle, hence a disc, again
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contradicting essentiality. Therefore k1 = k2 = 3. The two sets π−1(int Di) are connected and
disjoint, so a separates. □

4.4. Descent. The next lemma descends an isotopy upstairs, without an equivariance assumption,
to an isotopy downstairs fixing the six marked points. The proof follows Winarski’s combinatorial-
topology argument for the Birman–Hilden theorem, as presented by Margalit and Winarski [1,
the section “Winarski’s proof: combinatorial topology”]. We include the argument with two
details needed here: the injectivity of the covering on an innermost bigon (Lemma 4.5) and the
annulus case in the proof of Lemma 4.6.

Throughout this subsection c1, c2 denote multicurves in S2 \B, by which we mean finite unions
of disjoint simple closed curves, and c̃i := π−1(ci). Each c̃i is an ι-invariant multicurve disjoint
from W , and ι acts freely on it.

Lemma 4.5 (Innermost bigons inject). Let c1 ̸= c2 be transverse multicurves in S2 \ B with
c1 ∩ c2 ̸= ∅, and suppose c̃1 and c̃2 bound a bigon. Let B̃ be an innermost bigon between c̃1 and
c̃2, with sides a ⊂ c̃1, b ⊂ c̃2 and corners x, y. Then

B̃ ∩ ι(B̃) = ∅.

Consequently B̃ ∩W = ∅, π|B̃ is injective, and π(B̃) is an embedded bigon between c1 and c2
whose interior and boundary are disjoint from B.

Proof. Being innermost means int B̃ ∩ (c̃1 ∪ c̃2) = ∅. We first record:
int(a) ∩ c̃2 = ∅, int(b) ∩ c̃1 = ∅. (3)

Indeed, if z ∈ int(a) ∩ c̃2 then c̃2 crosses c̃1 transversally at z and one of the two local branches
enters int B̃, contradicting innermostness. In particular ∂B̃ ∩ c̃1 ∩ c̃2 = {x, y}.

Step 1: ι(B̃) ̸= B̃. If ι(B̃) = B̃ then ι(∂B̃) = ∂B̃, and since ι(a) ⊂ c̃1 we get ι(a) ⊆ c̃1 ∩ ∂B̃ = a,
so ι(a) = a. But ι acts freely on c̃1, whereas every involution of an arc has a fixed point.

Step 2: two distinct innermost bigons have disjoint interiors. Let B̃′ be another innermost
bigon. Since ∂B̃′ ⊂ c̃1 ∪ c̃2 is disjoint from int B̃, the set B̃′ ∩ int B̃ = int B̃′ ∩ int B̃ is open
and closed in the connected set int B̃, hence empty or all of it; in the latter case the symmetric
argument gives int B̃ = int B̃′ and B̃ = B̃′. Applying this to B̃′ = ι(B̃), which is an innermost
bigon because ι preserves c̃1 and c̃2, and using Step 1, we get int B̃ ∩ ι(B̃) = ∅ and, symmetrically,
B̃ ∩ ι(int B̃) = ∅. Therefore

B̃ ∩ ι(B̃) ⊆ ∂B̃ ∩ ι(∂B̃). (4)
Step 3: ∂B̃ ∩ ι(∂B̃) = ∅. Suppose z ∈ ∂B̃ and ι(z) ∈ ∂B̃; note z ≠ ι(z) since ∂B̃ ∩W = ∅.

If z is a corner, then z ∈ c̃1 ∩ c̃2, hence ι(z) ∈ c̃1 ∩ c̃2 ∩ ∂B̃ = {x, y} by (3), so ι interchanges x
and y. If z ∈ int(a), then ι(z) ∈ c̃1 ∩ ∂B̃ = a, and ι(z) is not a corner (otherwise z = ι(ι(z)) ∈ c̃2,
contradicting (3)), so ι(z) ∈ int(a); the case z ∈ int(b) is symmetric. So one of the following
occurs.

(a) int(a) ∩ ι(int(a)) ̸= ∅ (or the same for b). Let C be the component of c̃1 containing
a. As distinct components are disjoint, ι(C) = C, and ι|C is a free involution of a circle.
Identify C with R/2Z so that ι(t) = t + 1, and write a = [s1, s2] with s2 − s1 = L ∈ (0, 2). Then
int(a)∩ ι(int(a)) ̸= ∅ forces L > 1, whence s1 + 1 ∈ int(a). But s1 = x ∈ c̃2, so s1 + 1 = ι(x) ∈ c̃2,
contradicting (3).

(b) ι(x) = y. Let C ⊆ c̃1 and D ⊆ c̃2 be the components containing a and b; as x, y lie
on both, ι(C) = C and ι(D) = D, and ι acts freely on each. Now ι(a) is an arc of C from
y to x, so it is either a or the complementary arc C \ int(a). It cannot be a: an involution
of an arc interchanging its endpoints has an interior fixed point, while ι is free on C. Hence
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ι(a) = C \ int(a), and by (3), int(ι(a)) ∩ c̃2 = ι
(
int(a) ∩ c̃2

)
= ∅. Therefore C ∩ c̃2 = {x, y}, and

symmetrically D ∩ c̃1 = {x, y}. Since ι(C) = C and ι(D) = D with ι free, π(C) and π(D) are
embedded circles in S2 and

π(C) ∩ π(D) = π(C ∩D) = π({x, y}) = {π(x)}
is a single point, at which the two circles cross transversally, π being a local homeomorphism
there. This is impossible: two transverse simple closed curves in S2 meet in an even number of
points, because H1(S2;Z/2) = 0 makes their mod 2 intersection number vanish.

Step 4: conclusion. By (4) and Step 3, B̃ ∩ ι(B̃) = ∅. A point of B̃ ∩W would lie in B̃ ∩ ι(B̃),
so B̃ ∩W = ∅ and π is a local homeomorphism on a neighbourhood of B̃; and π(z) = π(z′) for
z ̸= z′ in B̃ would mean z′ = ι(z) ∈ B̃ ∩ ι(B̃). Hence π|B̃ is injective, so π(B̃) is an embedded
closed disc bounded by the arcs π(a) ⊂ c1 and π(b) ⊂ c2, which meet exactly at the two points
π(x), π(y). Finally a point of π(B̃) ∩ B would have its unique preimage in B̃ ∩W , which is
empty. □

Lemma 4.6 (Descent). Let c1, c2 be simple closed curves in S2 \B, each of which cuts off at
least two marked points on either side — that is, each separates B as 3|3 or as 2|4 — and suppose
that c̃1 and c̃2 are isotopic in S2. Then c1 and c2 are isotopic in Σ.

The restriction on how c1, c2 meet B is essential; see Remark 4.7 for a counterexample without
it.

Proof. The two types. Since |B| = 6, the hypothesis says exactly that each ci is a 3|3 circle or a
2|4 circle. We first record what each type gives upstairs.

If ci is a 3|3 circle, then by Lemma 4.2(ii) the preimage c̃i is a connected essential curve
separating S2 into two one-holed tori.

If ci is a 2|4 circle, let D be the closed disc it bounds which contains two marked points. The
class of ci in H1(S2 \ B;Z/2) is the sum of those two meridians, so θ([ci]) = 0 and c̃i has two
components. They are exchanged by ι: were a component K preserved, its image π(K) = K/ι
would be a circle, at once open and closed in ci and hence equal to ci, forcing c̃i = π−1(ci) = K.
Moreover π−1(D) is connected, a meridian not being killed by θ, and Riemann–Hurwitz gives
χ(π−1(D)) = 2 · 1− 2 = 0; a connected compact orientable surface with χ = 0 and two boundary
circles is an annulus, so π−1(D) is an annulus with boundary c̃i. In particular the two components
of c̃i are isotopic in S2, and each is non-separating, hence essential: cutting along one of them
leaves π−1(D) and the preimage of the complementary disc still joined along the other component,
hence connected.

Both curves have the same type. Isotopic multicurves have the same number of components,
so either c̃1 and c̃2 are both connected, and then c1 and c2 are both 3|3 circles, or both have two
components, and then c1 and c2 are both 2|4 circles. The two base cases below therefore exhaust
the possibilities, and in both of them c̃1 and c̃2 are essential.

We may assume c1 and c2 transverse, and induct on |c1 ∩ c2|; the induction moves c1 by an
isotopy of S2 fixing B pointwise, so the type of each curve is unchanged throughout.

Inductive step. Suppose c1 ∩ c2 ̸= ∅. Then c̃1 ∩ c̃2 ̸= ∅. Isotopic multicurves have vanishing
geometric intersection number, so c̃1 and c̃2 are not in minimal position, and by the bigon
criterion for multicurves — the unnumbered statement in Farb–Margalit [2, §1.2.4], a variant of
[2, Proposition 1.7] — two of their components bound a bigon. Among all bigons choose one, B̃,
whose interior meets c̃1 ∪ c̃2 in as few points as possible. If that number were positive, an arc of
c̃1 ∪ c̃2 would cross int B̃; such an arc has both its endpoints on one side of ∂B̃, since the two
multicurves are embedded, and an innermost such arc cuts off a bigon whose interior meets the
multicurves in strictly fewer points. So B̃ is innermost.
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By Lemma 4.5, π(B̃) is an embedded bigon between c1 and c2 disjoint from B. A closed
neighbourhood of π(B̃) disjoint from B exists by compactness, and the isotopy of c1 across
π(B̃) supported in it is an isotopy of S2 fixing B pointwise. It lowers |c1 ∩ c2| by two and, by
Lemma 4.1, replaces c̃1 by an isotopic multicurve. Induction applies.

Base case. Suppose c1 ∩ c2 = ∅, so that c̃1 and c̃2 are disjoint and isotopic. If c̃1 = c̃2 then
c1 = π(c̃1) = π(c̃2) = c2 and there is nothing to prove; assume therefore that they are distinct.
We treat separately the two types isolated above.

Base case, both curves of type 3|3. Here c̃1 and c̃2 are disjoint isotopic separating curves, each
splitting S2 into two one-holed tori. Two disjoint isotopic essential simple closed curves cobound
an annulus, and here they cobound exactly one: cutting S2 along the two of them leaves an
annulus and two one-holed tori. Let A be that annulus. Then ι(A) = A, since A is the unique
annulus complementary component and ι preserves c̃1 ∪ c̃2.

Base case, both curves of type 2|4. Then c̃1 and c̃2 have two components each, exchanged by ι.
Label the components 1, 1′ of c̃1 and 2, 2′ of c̃2, so that ι acts on the four curves by (1 1′)(2 2′).

The four curves are disjoint, pairwise isotopic and non-separating, so they cut S2 into three
annuli and one genus one surface G with two boundary circles, arranged in a cycle: consecutive
curves cobound an annulus, except for one consecutive pair which cobounds G. Since G is the
only complementary piece which is not an annulus, ι(G) = G, so ∂G is an ι-invariant pair of
curves. As ι maps components of c̃i to components of c̃i, a pair consisting of one component of
each is not ι-invariant; hence ∂G = {1, 1′} or ∂G = {2, 2′}. Relabelling if necessary, assume the
former. Then the cyclic order of the four curves is

1, 2, 2′, 1′,

with G between 1′ and 1, and the three annuli are
A(1, 2), A(2, 2′), A(2′, 1′).

Not every complementary annulus has one boundary circle in c̃1 and the other in c̃2 (see
Remark 4.8 below); we use only the two outer ones.

Take then the two annuli
A := A(1, 2), A′ := A(2′, 1′).

Each has one boundary circle in c̃1 and the other in c̃2, and ι(A) = A′, because ∂A = {1, 2}
is carried to {1′, 2′} = ∂A′ and A ≠ A′. In particular ι has no fixed point in A ∪ A′, so π|A is
injective, π(A) = π(A′) is an annulus in S2 \B cobounded by c1 and c2, and pushing c1 across it
is an isotopy of S2 fixing B pointwise which carries c1 to c2. This settles the 2|4 case, and the
remainder of the proof concerns the 3|3 case.

So return to the 3|3 case and to the annulus A found there, which satisfies ι(A) = A and has
one boundary circle in each c̃i. We claim ι acts freely on A, so that π(A) is an annulus containing
no point of B.

Since one boundary circle lies in c̃1 and the other in c̃2, and ι preserves each c̃i, the involution
ι cannot interchange the two boundary circles; being orientation preserving on A it therefore
preserves the orientation of each of them, and an orientation-preserving involution of a circle
with a fixed point is the identity, which is impossible here. So ι acts freely on ∂A, each boundary
circle has a circle as quotient, and the two quotients are distinct. Hence the base surface of A/ι
is a connected compact surface with exactly two boundary circles, so χ ≤ 0. On the other hand,
if ι has k fixed points in int A, multiplicativity of the orbifold Euler characteristic gives

χ(base)− k
(
1− 1

2
)

= χorb(A/ι) = 1
2χ(A) = 0,
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so χ(base) = k/2 ≥ 0. Therefore k = 0: the action is free and π(A) = A/ι is an annulus
containing no branch point.

Thus π(A) is an annulus in S2 \ B cobounded by c1 and c2, and pushing c1 across it is an
isotopy of S2 fixing B pointwise carrying c1 to c2. □

Remark 4.7. The descent conclusion fails for circles cutting off a single marked point. Let c1
bound a disc meeting B exactly in b1, and c2 a disc meeting B exactly in b2 ̸= b1. Such a disc
carries one branch point, so its preimage is connected with χ = 2 · 1− 1 = 1 and one boundary
circle, hence a disc. Therefore c̃1 and c̃2 both bound discs in S2, and any two circles bounding
discs in a closed surface are isotopic; so the hypothesis on the preimages is satisfied. But c1 and
c2 are not isotopic in Σ: an isotopy of S2 fixing B pointwise cannot turn a circle enclosing b1
alone into one enclosing b2 alone. Both preimages are inessential, so their isotopy classes do not
retain the required information downstairs. The descent lemma is therefore restricted to types
3|3 and 2|4, the two types used in Theorem 4.11.

Remark 4.8. In the base case of type 2|4 above it is not true that every complementary annulus
has one boundary circle in c̃1 and the other in c̃2: the middle annulus A(2, 2′) is bounded by the
two components of c̃2. Two disjoint isotopic multicurves need not cobound annuli pairing their
components across, as that nested configuration shows, which is why the proof uses only the two
outer annuli. This distinction is needed in the annulus argument.

4.5. From circles back to arcs.

Lemma 4.9. Let D be a closed disc and p ≠ q two interior points. Any two embedded arcs in D
with endpoints p, q and interiors contained in int D \ {p, q} are carried onto one another by an
ambient isotopy of D which is the identity on ∂D and fixes p and q.

Proof. Work in int D ∼= R2. We use the following fact: any two embedded arcs in R2 with the
same pair of endpoints are carried onto one another by a compactly supported ambient isotopy.
This is the arc case, relative to the endpoints, of Epstein’s isotopy theorem [10]; alternatively
it follows from the change of coordinates principle of Farb–Margalit [2, §1.3]. Such an isotopy
carries the endpoint set {p, q} to itself, and since it starts at the identity and {p, q} is discrete it
fixes p and q throughout. Being compactly supported in int D, it is the identity near ∂D and
extends by the identity. □

Lemma 4.10. Let α be an arc with distinct endpoints p, q, let N(α) be a closed regular neigh-
bourhood of α in S2 chosen so that N(α) ∩B = {p, q}, and put cα := ∂N(α), a 2|4 circle.

(1) π−1(N(α)) is an annulus with core π−1(α), and π−1(cα) is the union of its two boundary
circles, each isotopic in S2 to π−1(α).

(2) If cα and cβ are isotopic in Σ, for arcs α, β with distinct endpoints, then α and β are
isotopic in Σ.

Proof. (i) N(α) is a disc containing exactly two branch points, so χ(π−1(N(α))) = 2 · 1− 2 = 0;
the preimage is connected because a meridian is not killed by θ; and cα encircles an even number
of branch points, so θ([cα]) = 0 and π−1(cα) has two components. A connected compact orientable
surface with χ = 0 and two boundary circles is an annulus. Its core is π−1(α), which is a simple
closed curve by Lemma 4.2(i), and each boundary circle of an annulus is isotopic to its core.

(ii) Let h1 be a homeomorphism of S2 isotopic to the identity through homeomorphisms fixing
B pointwise, with h1(cα) = cβ . Then h1(N(α)) is one of the two closed discs bounded by cβ and
it contains exactly the two branch points h1(p) = p and h1(q) = q; the other disc contains four.
Hence h1(N(α)) = N(β) and {p, q} = {p′, q′}, the endpoints of β. Now h1(α) and β are two
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embedded arcs in the disc N(β) with endpoints p, q and interiors in the interior, so Lemma 4.9
produces an ambient isotopy of N(β), identity on the boundary and fixing p, q, carrying h1(α)
to β. Extending by the identity and composing with {ht} gives α ≃ β in Σ. □

4.6. The bijection.

Theorem 4.11. The assignment Ψ([α]) := [π−1(α)] is a well-defined bijection
Ψ: A ̸= ⊔ C −→ S,

carrying A ̸= onto the set of non-separating classes and C onto the set of separating classes. Its
inverse sends a class [a] to [π(aι)], where aι is any ι-invariant representative.

Proof. Well defined. By Lemma 4.2, π−1 of a representative is an essential simple closed curve,
non-separating in the arc case and separating in the 3|3 case. If α ≃ α′ in Σ then Lemma 4.1
produces an ambient isotopy of S2 carrying π−1(α) to π−1(α′).

Surjective. Let [a] ∈ S. Give S2 the metric ρ of Proposition 3.4. By (G1) of Fact 3.5 the free
homotopy class of a contains a unique closed geodesic γ, which is simple; by (G3) γ is isotopic to
a. Since ρ comes from a complex structure for which ι is the hyperelliptic involution, Fact 3.6
gives ι(γ) = γ. Lemma 4.4 then says π(γ) is an essential arc with distinct endpoints or a 3|3
circle, with π−1(π(γ)) = γ. Hence Ψ([π(γ)]) = [γ] = [a].

Injective. Suppose Ψ([α]) = Ψ([α′]). If both classes lie in C, then α, α′ are 3|3 circles whose
preimages are isotopic in S2, and Lemma 4.6 gives α ≃ α′. If both lie in A ̸=, pass to the 2|4
circles: by Lemma 4.10(i) the multicurves π−1(cα) and π−1(cα′) are the boundaries of annulus
neighbourhoods of π−1(α) and π−1(α′); an ambient isotopy of S2 carrying the first core to the
second carries a regular neighbourhood of the first to a regular neighbourhood of the second, and
regular neighbourhoods of a simple closed curve in a surface are unique up to ambient isotopy,
by the tubular neighbourhood theorem [4], so π−1(cα) and π−1(cα′) are isotopic. Both cα and
cα′ are 2|4 circles, so Lemma 4.6 applies and gives cα ≃ cα′ , whence α ≃ α′ by Lemma 4.10(ii).
Finally the two types cannot mix: an equality Ψ([α]) = Ψ([c]) with α ∈ A̸=, c ∈ C would equate
a non-separating with a separating class.

The description of the inverse now follows: if aι is an ι-invariant representative of [a], then
π−1(π(aι)) = aι by Lemma 4.4, so Ψ([π(aι)]) = [a]. □

Theorem 1.4 is exactly Theorem 4.11.

5. The intersection number formula

Throughout this section a ̸= b are isotopy classes of non-loop essential arcs in Σ, and
A :=

[
π−1(a)

]
, B :=

[
π−1(b)

]
are the corresponding classes of non-separating simple closed curves in S2 furnished by
Lemma 4.2(i). We write i(A, B) for their geometric intersection number. The restriction to
non-loop arcs is essential: by Lemma 4.2(iii), a loop arc lifts to a wedge of two circles and does
not determine a simple closed curve class of the required type.

5.1. The local count.

Lemma 5.1 (Local count). Let α ∈ a, β ∈ b be transverse, and suppose that α̃ := π−1(α) and
β̃ := π−1(β) are transverse as well. Then∣∣α̃ ∩ β̃

∣∣ = 2 j(α, β) + e(a, b).
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Proof. The set α ∩ β is the disjoint union of int α ∩ int β and the set of shared endpoints, and
α̃ ∩ β̃ = π−1(α ∩ β) because α̃ = π−1(α) and β̃ = π−1(β) are full preimages. Over a point of
int α ∩ int β, which lies in S2 \B, the map π is a two-sheeted covering, so there are exactly two
preimages; there are j(α, β) such points. A shared endpoint is a point of B and has exactly one
preimage, a Weierstrass point; there are e(a, b) such points, by Lemma 2.10. Summing gives the
stated count. □

The identity counts intersections of the given representatives; it does not assert minimality.
Transversality of the preimages requires a separate check at shared endpoints, as the following
lemma shows.

Lemma 5.2 (The lift of an arc at a Weierstrass point). Let α be an arc with an endpoint at
b ∈ B, let w = π−1(b), and let u be a coordinate at b in which π has the local model z 7→ z2.
Write α near b as u = uα(t), t ∈ [0, ε), with uα(0) = 0 and u′

α(0) ̸= 0, and set θα := arg u′
α(0).

(1) Near w the set π−1(α) is a smooth embedded arc through w whose tangent line at w has
direction θα/2 mod π.

(2) If β is a second arc with an endpoint at b, then π−1(α) and π−1(β) are transverse at w
if and only if θα ̸≡ θβ (mod 2π).

Proof. (i) Write uα(t) = t c(t) with c smooth and c(0) = u′
α(0) ̸= 0; this is Hadamard’s

factorisation of a smooth function vanishing at 0. A lift must satisfy z(s)2 = uα(s2) for a
parameter s, and the parametrisation z =

√
uα(t) behaves like

√
t and is not differentiable at

t = 0. Substituting t = s2 removes the branch point. Choose a smooth branch
√

c of the square
root of c near 0, which exists because c(0) ̸= 0, and put

z(s) := s
√

c(s2), s ∈ (−ε1/2, ε1/2).

Then z is smooth, z(s)2 = s2c(s2) = uα(s2), so z parametrises a lift; z(0) = 0 and z′(0) =√
c(0) ≠ 0, so the lift is regular at w and its tangent direction is arg

√
c(0) = θα/2 mod π. Finally

z(−s) = −z(s), so the two halves s > 0 and s < 0 are the two sheets of π−1 over α and together
form a single smooth arc through w.

(ii) By (i) the two tangent lines at w have directions θα/2 and θβ/2 modulo π, and these agree
if and only if θα ≡ θβ (mod 2π). □

In particular, if α and β leave b in opposite directions, θβ = θα + π, their lifts meet orthogonally,
since the tangent lines upstairs differ by π/2. Transversality fails only when the departure
directions agree, θβ = θα.

5.2. Normalising the departure directions.

Lemma 5.3 (Normalisation). Let α ∈ a, β ∈ b be transverse. Then there are transverse α1 ∈ a,
β1 ∈ b such that π−1(α1) and π−1(β1) are transverse and

j(α1, β1) = j(α, β).

Proof. Over S2 \ B the map π is a local diffeomorphism, so at every point of int α ∩ int β the
preimages inherit distinct tangent lines from α and β; and π−1(α) ∩ π−1(β) is finite because
α ∩ β is. By Lemma 5.2(ii) the preimages can fail to be transverse only at a Weierstrass point
over a shared endpoint, and only when the two departure directions there agree. There are at
most two shared endpoints, so it suffices to correct one of them and to repeat.

Let b be a shared endpoint with θα = θβ. Fix a coordinate u at b and choose r > 0 so
small that the closed disc Dr = {|u| ≤ r} contains no point of B other than b and no point of
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α ∩ β other than b; this uses the finiteness clause of Convention 2.8 together with compactness.
Shrinking r further, we may assume that α and β meet Dr in a single arc each and that on Dr

each of them is a radial graph: there are smooth functions f, g on [0, r] with
α ∩Dr = {ϱeif(ϱ) : 0 ≤ ϱ ≤ r}, β ∩Dr = {ϱeig(ϱ) : 0 ≤ ϱ ≤ r},

which is possible because |uα(t)| = t|c(t)| is strictly increasing near 0, so the radius is a legitimate
parameter.

Pick a smooth cut-off χ : [0,∞)→ [0, 1] with χ ≡ 1 on [0, r/3] and χ ≡ 0 on [2r/3,∞), and
for φ ∈ R let

Φφ(u) := e iφχ(|u|) u,

extended by the identity outside Dr. Each Φφ is a diffeomorphism of S2; the family Φtφ, t ∈ [0, 1],
is an isotopy from the identity; it fixes b, and it fixes every other point of B because those lie
outside Dr. Hence Φφ is admissible for Convention 2.1, and α1 := Φφ(α) is isotopic to α with
θα1 = θα + φ.

It remains to choose φ so that no new intersection is created. Inside Dr the curve α1 is the
radial graph of f + φχ, so a point of α1 ∩ β in Dr with radius ϱ > 0 satisfies

h(ϱ) + φχ(ϱ) ≡ 0 (mod 2π), h := f − g.

Since h(0) = 0 and h is continuous, M := max[0,r] |h| tends to 0 as r → 0; shrinking r once more
we may assume M < π. Then for every φ with 0 < |φ| < 2π − 2M and φ of the appropriate
sign the left-hand side is bounded away from 2πZ on (0, r], so α1 ∩ β ∩Dr = {b}; outside Dr

nothing has moved. Consequently α1 ∩ β = α ∩ β as sets, whence j(α1, β) = j(α, β) and e is
unchanged. Choosing in addition φ ≠ 0 we obtain θα1 ̸= θβ , and by Lemma 5.2(ii) the preimages
are transverse over b. □

Remark 5.4. Lemma 5.3 normalises a pair of arcs, which suffices for (5). It does not give a
simultaneous normalisation of a family: the derivative of an ambient isotopy at a common
endpoint is a single linear map and cannot prescribe independent rotations of all the arcs. For
families we instead use Theorem 3.13, whose geodesic representatives realise all pairwise minima
simultaneously.

5.3. The formula.

Theorem 5.5. For distinct isotopy classes a, b of non-loop essential arcs in Σ,
i(A, B) = 2 ȷ̂(a, b) + e(a, b). (5)

Moreover the projections to Σ of the ρ-geodesic representatives of A and B are representatives of
a and b realising ȷ̂(a, b).

Proof. Write ȷ̂ = ȷ̂(a, b) and e = e(a, b).
Upper bound. Let (α0, β0) be a transverse pair realising ȷ̂, which exists by Definition 2.9. Apply

Lemma 5.3 to obtain a transverse pair (α1, β1) with transverse preimages and j(α1, β1) = ȷ̂.
Then π−1(α1) and π−1(β1) are transverse representatives of A and B, so

i(A, B) ≤
∣∣π−1(α1) ∩ π−1(β1)

∣∣ = 2ȷ̂ + e

by Lemma 5.1.
Lower bound. We use geodesic representatives upstairs. By Proposition 3.4 the pullback

ρ = π∗ρ̄ is a smooth hyperbolic metric on the closed surface S2, so by (G1) of Fact 3.5 the classes
A and B have unique geodesic representatives α̃∗ and β̃∗, and these are simple. By Fact 3.6
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every simple closed geodesic of (S2, ρ) is ι-invariant, so Lemma 4.4 applies to each of them; as A
and B are non-separating by Lemma 4.2(i), case (i) of that lemma holds, and

α∗ := π(α̃∗), β∗ := π(β̃∗)
are essential arcs joining two distinct points of B, with π−1(α∗) = α̃∗ and π−1(β∗) = β̃∗.
Consequently Ψ[α∗] = [α̃∗] = A = Ψ(a), so [α∗] = a by the injectivity of Ψ in Theorem 4.11, and
likewise [β∗] = b.

Since A ≠ B we have α̃∗ ̸= β̃∗, so these are two distinct simple closed geodesics: they meet in
finitely many points, they are nowhere tangent, and by (G2) of Fact 3.5 they are in minimal
position. Hence they are transverse; projecting, α∗ and β∗ are transverse as well, since π is a
local diffeomorphism off W and |α∗ ∩ β∗| ≤ |α̃∗ ∩ β̃∗| is finite, no condition being imposed at a
shared endpoint. Lemma 5.1 now applies to the pair (α∗, β∗), whose preimages are α̃∗, β̃∗, and
minimal position gives

i(A, B) =
∣∣α̃∗ ∩ β̃∗∣∣ = 2 j(α∗, β∗) + e ≥ 2ȷ̂ + e,

the last step because j(α∗, β∗) ≥ ȷ̂ by the definition of ȷ̂.
The two bounds give (5), and comparing them forces j(α∗, β∗) = ȷ̂. □

Remark 5.6. For the lower bound, distinct closed geodesics are automatically transverse: a
geodesic is determined by a point and a direction. The upper bound starts with arbitrary
representatives and therefore requires the normalisation in Lemma 5.3.

Corollary 5.7 (Adjacency criterion). With a, b as above,
i(A, B) ≤ 1 ⇐⇒ ȷ̂(a, b) = 0 and e(a, b) ≤ 1.

Proof. Both ȷ̂ and e are non-negative integers. If i(A, B) ≤ 1 then 2ȷ̂ ≤ 1 by (5), so ȷ̂ = 0 and
e = i(A, B) ≤ 1. Conversely ȷ̂ = 0 and e ≤ 1 give i(A, B) = e ≤ 1. □

6. From C1(S2) to X

Write K := C1(S2) and let K ′ ⊂ K be the full subcomplex spanned by the non-separating
vertices. This section identifies K ′ with X and shows that K ′ is a strong deformation retract of
K.

6.1. The model.

Proposition 6.1. K ′ and X are isomorphic as simplicial complexes.

Proof. By Theorem 4.11 the map Ψ is a bijection from the set of isotopy classes of non-loop arcs
in Σ onto the set of isotopy classes of non-separating essential simple closed curves in S2; that is,
it is a bijection from the vertex set of X onto the vertex set of K ′.

Let a ̸= b be non-loop classes and A = Ψ(a), B = Ψ(b). By Corollary 5.7,
i(A, B) ≤ 1 ⇐⇒ ȷ̂(a, b) = 0 and e(a, b) ≤ 1.

The right-hand side is precisely adjacency in G: by Theorem 3.13 the condition ȷ̂(a, b) = 0 says
that a and b can be realised with disjoint interiors, and by Lemma 2.10 the condition e(a, b) ≤ 1
says ep(a) ̸= ep(b), two distinct two-element subsets of B meeting in at most one point. The
left-hand side is adjacency in K ′. So Ψ is an isomorphism of graphs from G onto the 1-skeleton
of K ′.

Both complexes are flag: X by definition, and K by definition, whence also its full subcomplex
K ′ — if the vertices of a finite set lie in K ′ and are pairwise adjacent in K ′, they are pairwise
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adjacent in K, so they span a simplex of K, and that simplex lies in the full subcomplex K ′. An
isomorphism of the 1-skeleta of two flag complexes is an isomorphism of the complexes. □

Proposition 6.2. dim X = 11, and the facets of X are exactly the isotopy classes of triangulations
of S2 with vertex set B whose underlying graph is simple.

Proof. A simplex of X is a finite set of non-loop classes which are pairwise adjacent in G. By
Theorem 3.13 the geodesic representatives of the classes in such a set have pairwise disjoint
interiors, so their union is an embedded graph in S2 with vertex set contained in B; adjacency in
G forbids two members with the same endpoint pair, so the graph has no multiple edges, and
non-loop forbids loops. Conversely the classes of the edges of an embedded simple graph with
vertex set in B are pairwise adjacent in G. Simplices of X therefore correspond to isotopy classes
of embedded simple graphs with vertex set contained in B, a k-simplex to a graph with k + 1
edges.

For a simple graph with V ≥ 3 vertices embedded in S2 one has E ≤ 3V − 6, so here
E ≤ 3 · 6− 6 = 12 and dim X ≤ 11. The octahedral triangulation of S2 with vertex set B realises
E = 12, so dim X = 11. Equality E = 3V − 6 holds if and only if every complementary face is a
triangle, that is, if and only if the graph is a triangulation. □

Remark 6.3. A simplex of X is an isotopy class of embedded graph, not an abstract graph:
two embeddings of the same abstract graph which are not isotopic rel B are different simplices.
Accordingly X has infinitely many facets, although these fall into finitely many Mod(S2, B)-orbits,
and the number of combinatorial types of six-vertex triangulations of S2 is not the number of
facets.

6.2. Deleting the separating vertices.

Lemma 6.4. Distinct separating vertices of K are never adjacent.

Proof. Let σ ≠ σ′ be separating. A separating curve is null-homologous, so the algebraic
intersection number ı̂(σ, σ′) vanishes, and i(σ, σ′) ≡ ı̂(σ, σ′) ≡ 0 (mod 2). Adjacency would force
i(σ, σ′) ≤ 1, hence i(σ, σ′) = 0.

So suppose i(σ, σ′) = 0. Now σ splits S2 into two one-holed tori T1, T2, and σ′, being disjoint
from σ, lies in some Tm. An essential simple closed curve in a one-holed torus is either isotopic
to the boundary, in which case σ′ = σ, excluded; or non-separating in Tm, in which case [σ′] ̸= 0
in H1(Tm;Z). The inclusion induced map H1(Tm;Z) → H1(S2;Z) is the inclusion of a direct
summand, hence injective, so [σ′] ̸= 0 in H1(S2;Z), contradicting that σ′ separates. □

Corollary 6.5. Every simplex of K contains at most one separating vertex. Consequently, for
separating vertices σ ̸= σ′,

lkK(σ) ⊆ K ′, St(σ) ∩K ′ = lkK(σ), St(σ) ∩ St(σ′) = lkK(σ) ∩ lkK(σ′) ⊆ K ′.

In particular each lkK(σ) lies in K ′ irrespective of which other separating vertices are deleted.

Proof. If a simplex contained two separating vertices they would be adjacent, contradicting
Lemma 6.4. If τ ∈ lkK(σ) then τ ∪ {σ} is a simplex, so τ contains no separating vertex and lies
in the full subcomplex K ′. The remaining two identities follow because a simplex of St(σ) either
contains σ or lies in lkK(σ). □

Lemma 6.6. For every separating vertex σ, with T1, T2 the two one-holed tori cut off by σ,
lkK(σ) = C1(T1) ∗ C1(T2),

where C1(Tm) is the Farey complex. In particular lkK(σ) is contractible.
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Proof. For any essential simple closed curve c we have i(c, σ) ≡ ı̂(c, σ) = 0 (mod 2), so i(c, σ) ≤ 1
forces i(c, σ) = 0: the vertices of lkK(σ) are the classes of essential curves disjoint from σ and
not isotopic to it, that is, the essential non-boundary-parallel curves in T1 or in T2. Two such
curves lying on opposite sides are disjoint, hence adjacent, which gives the join decomposition.

In a one-holed torus the essential non-boundary-parallel isotopy classes correspond to slopes
p/q ∈ Q ∪ {∞} with i(p/q, r/s) = |ps− qr|, so the condition i ≤ 1 is |ps− qr| = 1 and C1(Tm)
is the Farey complex, which is contractible: it is the simplicial model for H2 obtained from the
ideal triangulation by the Farey tessellation. A join with a contractible factor is contractible. □

Proposition 6.7. K is the pushout, in simplicial complexes and hence in spaces, of
K ′ ←−

∐
σ

lkK(σ) ↪→
∐
σ

St(σ),

the coproducts being over all separating vertices.

Proof. Every simplex of K either contains no separating vertex, and then lies in K ′, or contains
exactly one, σ, by Corollary 6.5, and then lies in St(σ). By the same corollary the intersection of
two distinct stars, and the intersection of a star with K ′, are exactly the links, which are the
objects being glued. □

Theorem 6.8. K ′ is a strong deformation retract of K. In particular C1(S2) ≃ X.

Proof. Fix a separating vertex σ. By Lemma 6.6 the link lkK(σ) is contractible, and St(σ) =
σ ∗ lkK(σ) is a cone, hence contractible; so the inclusion lkK(σ) ↪→ St(σ) is a homotopy
equivalence of CW complexes. A pair of CW complexes satisfies the homotopy extension property
[3, Proposition 0.16], so by [3, Corollary 0.20] the subcomplex lkK(σ) is a deformation retract of
St(σ), and in Hatcher’s terminology a deformation retraction is by definition a homotopy fixing
the subspace pointwise. Choose such a homotopy

Hσ : St(σ)× I → St(σ), Hσ
0 = id, Hσ

1
(
St(σ)

)
⊆ lkK(σ), Hσ

t |lkK(σ) = id.

Define H : K × I → K by the identity on K ′ × I and by Hσ on St(σ)× I. The pieces agree
on overlaps: by Corollary 6.5 we have St(σ) ∩K ′ = lkK(σ), on which Hσ

t is the identity, and two
distinct stars meet inside lkK(σ) ∩ lkK(σ′), where both are the identity. So H is a well-defined
map of sets.

For continuity, K carries the weak topology determined by the family of subcomplexes
{K ′} ∪ {St(σ)}σ, which is a cover of K by Proposition 6.7; no local finiteness is needed, closure-
finiteness of a CW complex being enough. Since I is locally compact, K × I carries the weak
topology determined by {K ′ × I} ∪ {St(σ)× I}σ, by [3, Theorem A.6]. A map out of a space
with the weak topology is continuous as soon as its restriction to each member of the family
is, and each restriction of H is continuous. Hence H is continuous, H0 = id, H1(K) ⊆ K ′, and
Ht|K′ = id for all t.

The last assertion combines this with Proposition 6.1. □

Remark 6.9. There are infinitely many separating vertices, and the point of the pushout is that
no ordering of the deletions has to be chosen: by Corollary 6.5 the links are pairwise related
only through K ′, so all the homotopies are performed at once. Alternatively one can avoid the
simultaneity: a map of a sphere into K has compact image, hence meets only finitely many
separating vertices, so finitely many single-vertex deletions suffice to compute any πn or Hn, and
Whitehead’s theorem then gives the same conclusion.



THE 1-CURVE COMPLEX IN GENUS TWO IS CONTRACTIBLE 23

7. Simple connectivity

We prove π1(C1(Sg)) = 1 for every closed orientable surface Sg with g ≥ 2, using Harer’s
description of the homotopy type of C0(Sg) and an elementary surgery on edges. At the end of
the section we also give Souto’s argument, which uses the contractibility of an arc-and-curve
complex. We distinguish that complex from the arc complex in our notation.

Definition 7.1. For a compact surface S and a non-empty finite set V ⊂ S, let S(S, V ) be
the set of isotopy classes of essential simple closed curves and essential arcs in (S, V ), an arc
being required to meet V exactly in its two endpoints, which may coincide. Let AC(S, V ) be
the complex on S(S, V ) in which a finite set spans a simplex when its members admit pairwise
disjoint representatives, disjointness of arcs being understood in the interiors. We call AC(S, V )
the arc-and-curve complex.

Thus AC(S, V ) has more vertices than the arc complex A(S, V ) of Definition 2.5: it admits
closed curves as vertices as well as arcs. We use AC and A for these two complexes throughout.

Fact 7.2 (Hatcher [6, Theorem (a)]). Let S be a compact surface and V ⊂ S a non-empty finite
set, whose points may lie in the interior. Then the arc complex A(S, V ) is contractible, except
when S is a disc with V ⊂ ∂S or an annulus with V contained in one boundary component, in
which cases it is a sphere.

We use Theorem (a) from the revised version of [6]. In Section 8 it is applied to A = A(S2, B).
The arc-and-curve variant below is used only in the supplementary Proposition 7.8.

Fact 7.3. Let S be a closed surface of genus g ≥ 1 and V ⊂ S a non-empty finite set. Then
AC(S, V ) is contractible.

Remark 7.4 (On the provenance of Fact 7.3). Souto [8] states this result with attribution to [6].
Hatcher’s printed theorem concerns systems of arcs; the arc-and-curve variant uses the same
surgery argument but is not its stated conclusion. We use this variant only in Proposition 7.8.
The proof of Theorem 7.7 below and the contractibility argument in the later sections do not
depend on that proposition.

Lemma 7.5 (Filling in an edge). Let g ≥ 2 and let a, b be essential simple closed curves in Sg

with i(a, b) = 1. Let c := ∂N(a ∪ b), the boundary of a regular neighbourhood of a ∪ b. Then c is
a single essential simple closed curve, i(a, c) = i(b, c) = 0, and c is distinct from a and from b as
an isotopy class. Consequently {a, b, c} spans a 2-simplex of C1(Sg) and {a, c}, {b, c} are edges
of C0(Sg).

Proof. Since a and b are simple and meet in one point transversally, a regular neighbourhood
N = N(a ∪ b) is a compact surface with χ(N) = χ(a) + χ(b) − χ(pt) = 0 + 0 − 1 = −1,
containing the two curves whose classes generate a rank two subgroup of H1; so N is a one-holed
torus and ∂N = c is one circle. It is disjoint from a and b, which lie in the interior of N , so
i(a, c) = i(b, c) = 0.

The curve c is essential: one side of c is N , a one-holed torus, and the other side is a compact
surface of genus g − 1 ≥ 1 with one boundary circle, neither being a disc. Finally c ̸= a and
c ̸= b as isotopy classes, since i(a, c) = 0 while i(a, b) = 1: if c were isotopic to a we would get
i(b, c) = i(b, a) = 1 ̸= 0. As i is an invariant of isotopy classes this separates the classes and not
merely the representatives.

Pairwise the three classes have i ≤ 1, so they span a 2-simplex of C1(Sg); the two edges
involving c have i = 0 and so lie in C0(Sg). □
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Lemma 7.6. For g ≥ 2 the inclusion C0(Sg) ↪→ C1(Sg) is surjective on π1.

Proof. Both complexes are connected and have the same vertices, so it suffices to show that every
edge path in C1 is homotopic, with endpoints fixed, to an edge path in C0. An edge {a, b} of
C1 has i(a, b) ∈ {0, 1}. If i(a, b) = 0 it is an edge of C0. If i(a, b) = 1, take c as in Lemma 7.5:
the 2-simplex {a, b, c} of C1 provides a homotopy rel endpoints from the edge {a, b} to the path
a→ c→ b, whose two edges lie in C0. Performing this replacement on each edge of a loop with
i = 1 gives a loop in C0 homotopic to it in C1. □

Theorem 7.7. For every g ≥ 2 one has π1(C1(Sg)) = 1.

Proof. By Harer [7] the complex C0(Sg) is homotopy equivalent to a wedge of spheres of dimension
2g − 2. For g ≥ 2 one has 2g − 2 ≥ 2, and a wedge of spheres of dimension at least two is simply
connected; hence π1(C0(Sg)) = 1. By Lemma 7.6 the inclusion C0(Sg) ↪→ C1(Sg) is surjective on
π1. A group which is the image of the trivial group is trivial, so π1(C1(Sg)) = 1. □

For completeness, we now give Souto’s stronger observation about the inclusion map, using
Fact 7.3.

Proposition 7.8 (Souto). Let g ≥ 2. Then the inclusion C0(Sg) ↪→ C1(Sg) is homotopic to a
constant map. The proof below uses Fact 7.3.

Proof. Fix a hyperbolic metric on Sg and identify the vertices of C0(Sg) with the simple closed
geodesics. There are countably many of these, so we may choose a point ∗ ∈ Sg lying on none of
them; put V = {∗}.

The choice of ∗ gives an injection S(Sg) → S(Sg, ∗): a geodesic misses ∗ and so is a simple
closed curve in (Sg, ∗), essential there. If a finite subcollection of S(Sg) spans a simplex of C0(Sg),
its members are pairwise disjoint, hence span a simplex of AC(Sg, ∗). So the injection extends to
a simplicial map

u : C0(Sg) −→ AC(Sg, ∗),
whose image consists of closed-curve vertices.

In the other direction define v0 : S(Sg, ∗)→ S(Sg) as follows. An element which is a closed
curve in (Sg, ∗) is, forgetting ∗, an essential simple closed curve in Sg. An element which is an arc
has both endpoints at ∗, so forgetting ∗ turns it into a simple closed curve in Sg, again essential.
The composite S(Sg)→ S(Sg, ∗)→ S(Sg) is the identity.

The map v0 is not simplicial into C0(Sg): two arcs in (Sg, ∗) with disjoint interiors both pass
through ∗, so the two closed curves they determine meet at ∗ and need not be disjoint. But they
meet only there:

a simplex of AC(Sg, ∗) 7−→ classes with pairwise i ≤ 1,

because disjoint interiors leave at most the single common point ∗. Hence v0 extends to a
simplicial map

v : AC(Sg, ∗) −→ C1(Sg),
and by construction the composite v ◦ u is the inclusion C0(Sg) ↪→ C1(Sg).

Now Sg is closed of genus g ≥ 2 and V = {∗} is a single interior point, so AC(Sg, ∗) is
contractible by Fact 7.3. The inclusion C0 ↪→ C1 thus factors through a contractible complex
and is null-homotopic. □

Together with Lemma 7.6, Proposition 7.8 gives Souto’s proof of Theorem 7.7: the inclusion is
surjective on π1 and induces the trivial map.



THE 1-CURVE COMPLEX IN GENUS TWO IS CONTRACTIBLE 25

8. The spectral sequence

8.1. Three empty objects. We distinguish the empty simplex, the complex containing only
that simplex, and the void complex. These conventions determine the degree −1 term of the
augmented chain complex.

Convention 8.1 (Empty objects). • 0̂ denotes the empty simplex, the simplex with no
vertices. It is a face of every simplex, and we regard it as an element of every non-void
simplicial complex; in particular 0̂ ∈ A.
• E := {0̂} denotes the empty complex: the complex whose only simplex is 0̂. It has no

vertices, and H̃−1(E) = Z while H̃q(E) = 0 for q ̸= −1.
• O denotes the void complex, which contains no simplex at all, not even 0̂. Its augmented

chain complex is zero in every degree, so H̃q(O) = 0 for all q, including q = −1.
For a complex K we write C̃∗(K) for the augmented chain complex: C̃n(K) is free on the

n-simplices for n ≥ 0, C̃−1(K) = Z⟨0̂⟩ if K ≠ O and 0 if K = O, and ∂0 is the augmentation ε
sending each vertex to 0̂.

The filtration below starts with O, so its column p = 0 computes the reduced homology of X.
Starting with E would instead give unreduced homology; see Remark 8.8.

8.2. Bad vertices and the filtration.

Definition 8.2. A bad face of a simplex σ ∈ A is a face of σ of one of the following two kinds:
(B1) a single vertex which is a loop class;
(B2) a pair of distinct non-loop vertices with the same endpoint pair.

The set of bad vertices of σ is
bv(σ) := {v ∈ σ : v lies in some bad face of σ}.

Lemma 8.3. If τ ⊆ σ then bv(τ) ⊆ bv(σ). Moreover bv(0̂) = ∅.

Proof. A bad face of τ is a face of τ , hence a face of σ, and it is bad for σ by the same clause of
Definition 8.2. The empty simplex has no faces of either kind. □

Definition 8.4. For p ≥ −1 put
Yp := {σ ∈ A : | bv(σ)| ≤ p},

Sp := {S ∈ A : |S| = p, bv(S) = S}, LS := {τ ∈ lkA(S) : bv(S ∪ τ) = S}.

By Lemma 8.3 each Yp is a subcomplex.

Lemma 8.5. (1) Y−1 = O, and 0̂ ∈ Y0.
(2) S0 = {0̂} and L0̂ = X.
(3) Y0 = X.
(4) dimA = 11, Y12 = A, and Sp = ∅ for p > 12.

Proof. (i) For every σ ∈ A we have | bv(σ)| ≥ 0, and 0 ≤ −1 is false; so no simplex satisfies
the defining condition of Y−1, not even 0̂, for which | bv(0̂)| = 0 by Lemma 8.3. The same
computation puts 0̂ in Y0.

(ii) |S| = 0 forces S = 0̂, and bv(0̂) = ∅ = 0̂, so S0 = {0̂}; this is consistent only because
0̂ ∈ A, as fixed in Convention 8.1. Next lkA(0̂) = A, and the condition bv(0̂ ∪ τ) = 0̂ reads
bv(τ) = ∅, that is, τ ∈ Y0; so L0̂ = Y0, which is X by (iii).
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(iii) A simplex σ ∈ A has bv(σ) = ∅ if and only if it contains no loop vertex and no two
distinct vertices with the same endpoint pair, that is, if and only if its vertices are pairwise
adjacent in the graph G of Definition 2.5. Conversely, let σ be a finite clique of G. Its members
are pairwise realisable with disjoint interiors, so by Theorem 3.13 their geodesic representatives
have pairwise disjoint interiors simultaneously; hence σ is a simplex of A. Thus the simplices of
Y0 are exactly the cliques of G, which are the simplices of the flag complex X.

(iv) A simplex of A is a collection of pairwise non-isotopic essential arcs with pairwise disjoint
interiors, so its geodesic representatives form an embedded graph in S2 with vertex set contained
in B, now allowing loops and multiple edges. Such a graph has V ≤ 6 and, if all complementary
faces are triangles, 2E = 3F and V −E + F = 2, whence E = 3V − 6 ≤ 12. A maximal collection
triangulates, so dimA = 11; an ideal triangulation of the six-times-marked sphere has 12 arcs
and 8 triangles. Finally | bv(σ)| ≤ |σ| ≤ 12 gives Y12 = A, and |S| = p > 12 is impossible. □

8.3. The splitting.

Lemma 8.6. Let p ≥ 1 and let σ ∈ A satisfy | bv(σ)| = p. Then σ = S ⊔ τ with S := bv(σ) ∈ Sp

and τ ∈ LS, and this decomposition is unique. Moreover:
(1) if u ∈ τ then bv(σ \ u) = S;
(2) if v ∈ S then |bv(σ \ v)| ≤ p− 1.

Proof. Put S = bv(σ) and τ = σ \ S. Then |S| = p, and bv(S) = S: each v ∈ S lies in a bad face
of σ, and that face is contained in S, because both (B1) and (B2) consist of vertices which are
themselves bad. Also bv(S ∪ τ) = bv(σ) = S, so τ ∈ LS . The decomposition is unique because
S is determined by σ.

(i) By Lemma 8.3, bv(σ \ u) ⊆ S. For the reverse inclusion let v ∈ S. If v is bad by (B1) the
bad face is {v}, which survives the removal of u ̸= v. If v is bad by (B2) there is w ̸= v with
{v, w} a bad face; then w too lies in a bad face, so w ∈ bv(σ) = S, whereas u ∈ τ and S ∩ τ = ∅;
hence u ̸= w and the bad face {v, w} survives. In both cases v ∈ bv(σ \ u).

(ii) Again bv(σ \ v) ⊆ S, and v /∈ σ \ v, so bv(σ \ v) ⊆ S \ {v} has at most p− 1 elements. □

Proposition 8.7. For p ≥ 1 there is an isomorphism of chain complexes
C̃n(Yp, Yp−1) ∼=

⊕
S∈Sp

C̃n−p(LS),

where on the right the differential is that of C̃∗(LS) multiplied by (−1)p. For p = 0 one has
C̃∗(Y0, Y−1) = C̃∗(X).

Proof. Let p ≥ 1. The group C̃n(Yp, Yp−1) is free on the simplices σ with | bv(σ)| = p and
dim σ = n. Decompose σ = S ⊔ τ as in Lemma 8.6; then dim τ = n − p, with dim 0̂ = −1
corresponding to σ = S. Order the vertices of σ so that those of S come first, in an order fixed
once and for all for each S ∈ Sp, followed by those of τ ; declare

Φ
(
⟨s1, . . . , sp, t0, . . . , tn−p⟩

)
:= ⟨t0, . . . , tn−p⟩ ∈ C̃n−p(LS).

This is an isomorphism of graded groups, the S-blocks being spanned by the σ with bv(σ) = S.
It intertwines the differentials up to the stated sign. In ∂σ, the terms obtained by deleting a

vertex of S lie in Yp−1 by Lemma 8.6(ii) and so vanish in the relative complex; the terms obtained
by deleting a vertex tr of τ have bv = S by Lemma 8.6(i), so they stay in the same S-block.
Thus the relative differential preserves each S-block. The surviving term for tr carries the sign
(−1)p+r, because tr occupies position p + r in the chosen order, whereas the corresponding term
of ∂LS ⟨t0, . . . , tn−p⟩ carries (−1)r. Hence Φ ◦ ∂ = (−1)p ∂LS ◦ Φ on the S-block. The constant
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(−1)p depends only on p, so it does not affect kernels, images or homology; note that it cannot
be absorbed by rescaling a single generator, and that the two sides must use the same order on
the vertices of τ , which is why the order was fixed in advance.

For p = 0 we have Y−1 = O by Lemma 8.5(i), so C̃∗(Y−1) = 0 and the relative complex is
C̃∗(Y0) = C̃∗(X) — augmentation included, since 0̂ ∈ Y0 contributes Z in degree −1 and nothing
is quotiented away. □

Remark 8.8. Had we put Y−1 = E, the class of 0̂ would have been killed and C̃∗(Y0, Y−1) would
be the unreduced complex C∗(X), giving E1

0,0 = H0(X) = H̃0(X)⊕ Z. The column p = 0 would
then compute unreduced homology, and the abutment would differ from that of Theorem 8.9.
With Y−1 = O the case p = 0 needs no separate convention: it is the case S0 = {0̂}, L0̂ = X of
the general formula.

8.4. The E1 page.

Theorem 8.9. The filtration O = Y−1 ⊆ Y0 ⊆ · · · ⊆ Y12 = A of the augmented chain complex
of A gives a spectral sequence of a bounded filtration with augmentation — the row q = −1 is
present and carries information, so the sequence is not first quadrant — with

E1
p,q =

⊕
S∈Sp

H̃q(LS ;Z) =⇒ H̃p+q(A;Z) = 0, dr : Er
p,q → Er

p−r, q+r−1,

valid for all p ≥ 0 and q ≥ −1; in particular E1
0,q = H̃q(X;Z). The filtration is bounded, so the

sequence converges strongly.

Proof. Taking homology of the isomorphism of Proposition 8.7 gives
E1

p,q = Hp+q
(
C̃∗(Yp, Yp−1)

) ∼= ⊕
S∈Sp

H̃q(LS),

the sign (−1)p being irrelevant to homology; for p = 0 this reads E1
0,q = H̃q(X), in agreement

with S0 = {0̂} and L0̂ = X. The filtration has finite length by Lemma 8.5(iv), so the associated
spectral sequence converges strongly to the homology of C̃∗(A). Finally A is contractible by
Fact 7.2, applied to S = S2 and V = B: a sphere with six interior marked points is neither a
disc with V in its boundary nor an annulus. Hence H̃∗(A;Z) = 0. □

The row q = −1 must also be included: H̃−1(LS) is Z when LS = E and 0 when LS has at
least one vertex, so vanishing for p ≥ 1 requires each LS to have a vertex. Corollary 10.9 supplies
this condition.

9. Objects, gaps and the budget

Throughout this section p ≥ 1 and S ∈ Sp is fixed. We realise the arcs of S by their geodesic
representatives for the cusped metric and write

ΓS :=
⋃

S ⊂ S2,

which by Theorem 3.13 is an embedded graph with vertex set in B: the representatives have
pairwise disjoint interiors simultaneously. The aim of the section is Lemma 9.15, which produces
inside ΓS a complementary region of a very restricted shape.
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9.1. Objects. The condition bv(S) = S says that every vertex of S is bad, that is, every arc of
S is either a loop or has a partner in S with the same endpoint pair. This is what the following
decomposition exploits.
Definition 9.1. For an endpoint pair e let Ce(S) be the set of arcs of S whose endpoint pair is
exactly e. The objects of S are

• each loop of S, taken singly, and
• each union

⋃
Ce(S) with |Ce(S)| ≥ 2, taken as one object.

Since bv(S) = S, every arc of S lies in exactly one object, so ΓS is the union of the objects
and the objects are pairwise disjoint except possibly at points of B.
Remark 9.2. Grouping non-loop arcs by their endpoint pairs ensures that distinct objects share
at most one marked point, as required by Corollary 9.3.
Corollary 9.3. Any two distinct objects meet in at most one point of B. Each object is a
connected finite embedded graph in S2.

Proof. Two distinct objects of class type have distinct endpoint pairs, and two distinct two-
element subsets of B meet in at most one point. A loop meets any other object at most in
its base point, and two distinct loops at most in a common base point. For connectedness: a
loop is a circle; an object

⋃
Ce(S) with e = {a, b} is a union of arcs all joining a to b, hence

connected. □

9.2. Gaps.
Definition 9.4. Let O be an object. A gap of O is a connected component of S2 \O; the number
of gaps is denoted µ(O). A gap g of O is free if no object other than O is contained in ḡ.

A face of ΓS is a connected component of S2 \ ΓS . For a face or gap ∆ let X(∆) ⊂ B
be the set of marked points on ∂∆ and k(∆) the number of marked points in ∆ itself. Put
F := {e : |Ce(S)| ≥ 2}. Call ∆ clean if every pair of distinct points of X(∆) belongs to F , and a
good face if it is a free gap, is clean, and has k(∆) ∈ {1, 2}.

Finally let V ′ be the number of points of B met by ΓS and n := 6− V ′, so that n =
∑

∆ k(∆),
the sum over the faces of ΓS .
Lemma 9.5. Every gap of every object is an open disc.

Proof. An object is a connected finite graph embedded in S2 (Corollary 9.3), and an embedding
of a connected graph in S2 is cellular: each complementary component is an open disc. This
uses the topology of S2; a connected graph embedded in a surface of positive genus need not
have disc complements. □

Lemma 9.6. Let O be an object and g a gap of O.
(1) If O is a loop then µ(O) = 2, and ∂g is the whole circle O; the base point occurs exactly

once on ∂g.
(2) If O =

⋃
Ce(S) consists of m ≥ 2 arcs joining a ≠ b, then µ(O) = m, each gap is bounded

by exactly two of the arcs, ∂g is a union of two arcs, and a and b each occur exactly once
on ∂g.

In both cases ∂g has the cardinality of the continuum; in particular it is not finite.

Proof. (i) is the Jordan curve theorem.
(ii) The object is a plane graph with V = 2, E = m and no loop edges, so F = 2− V + E = m

by Euler’s relation, which gives the number of gaps. The sum of the face degrees is 2E = 2m.



THE 1-CURVE COMPLEX IN GENUS TWO IS CONTRACTIBLE 29

No edge is a loop edge, so every face has degree at least 2; with m faces and degrees summing
to 2m, every face has degree exactly 2. Thus each gap is bounded by two of the arcs and its
boundary walk is a→ b→ a, visiting each of a, b once.

In case (i) ∂g is a circle and in case (ii) a union of two arcs; both have cardinality 2ℵ0 . □

Corollary 9.7. Let O ̸= O′ be objects, g a gap of O and h a gap of O′. Then g ̸= h.

Proof. Suppose g = h. A gap is a component of the complement of the object, so ∂g ⊆ O and
∂h ⊆ O′: indeed if x ∈ ∂g and x /∈ O, then x lies in some component g′′ of the open set S2 \O;
as g′′ is open and every neighbourhood of x meets g, we get g′′ = g and x ∈ g, contradicting that
g is open and disjoint from its boundary. Hence ∂g = ∂h ⊆ O ∩O′, which has at most one point
by Corollary 9.3, contradicting Lemma 9.6. □

Lemma 9.8. Let O ̸= O′ be objects and let p0 be the point of O ∩O′ if there is one. Then there
is a unique gap g of O with

O′ ⊆ g ∪ {p0} ⊆ ḡ

(and O′ ⊆ g if O ∩O′ = ∅).

Proof. By Corollary 9.3, O ∩ O′ ⊆ {p0}. The set O′ \ {p0} is connected: a loop with its base
point removed is an open arc, and

⋃
Ce(S) with one endpoint removed is still joined at the other

endpoint. Being a connected subset of S2 \O, it lies in a unique gap g. Then O′ ⊆ g ∪ {p0}, and
p0 is a limit point of O′ \ {p0} ⊆ g, so p0 ∈ ḡ. □

Lemma 9.9. Let g be a gap of an object O which is not free. Then g properly contains some
gap; in particular g is not minimal with respect to inclusion among all gaps of all objects.

Proof. Let O′ ̸= O be an object with O′ ⊆ ḡ. Applying Lemma 9.8 with the roles exchanged, let
h′ be the gap of O′ with O ⊆ h̄′, and, using µ(O′) ≥ 2, pick another gap h ̸= h′ of O′.

Step 1: h ∩O = ∅. As h, h′ are distinct components of S2 \O′ they are disjoint, so
h ∩ h̄′ ⊆ h ∩ ∂h′ ⊆ h ∩O′ = ∅,

and O ⊆ h̄′ gives h ∩O = ∅.
Step 2: h ⊆ g. By Step 1 and connectedness, h lies in a single gap of O. Also ∂h ⊆ O′, while

O′ ⊆ ḡ = g ∪ ∂g with ∂g ⊆ O and g ∩O = ∅; hence ḡ \O = g, and with O ∩O′ ⊆ {p0},
∂h \ {p0} ⊆ O′ \O ⊆ ḡ \O = g.

By Lemma 9.6 the set ∂h is infinite, so ∂h \ {p0} ̸= ∅; pick y in it. Then y ∈ g and g is open,
so a neighbourhood U ⊆ g of y meets h, because y ∈ ∂h. Hence h ∩ g ≠ ∅ and the gap of O
containing h is g.

Step 3: properness. O′ \ {p0} ⊆ O′ \O ⊆ g is non-empty and disjoint from h, since h ∩O′ = ∅.
So h ⊊ g. □

The contrapositive will be used repeatedly: a minimal gap is free.

Lemma 9.10. Let g be a minimal gap of an object O and let h be a gap of an object O′ ̸= O.
Then g ⊆ h or g ∩ h = ∅. If h is minimal as well, then g ∩ h = ∅.

Proof. By Lemma 9.9 the gap g is free, so no object lies in ḡ; in particular O′ ̸⊆ ḡ. By Lemma 9.8
there is a gap g′ of O with O′ ⊆ ḡ′, and necessarily g′ ̸= g. Therefore

O′ ∩ g ⊆ ḡ′ ∩ g = (g′ ∪ ∂g′) ∩ g ⊆ (g′ ∩ g) ∪ (O ∩ g) = ∅,
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because distinct gaps of the same object are distinct components of S2 \O, and ∂g′ ⊆ O while
g ∩ O = ∅. Thus g is a connected set disjoint from O′, hence contained in a single gap of O′;
that gap is either h, giving g ⊆ h, or another one, giving g ∩ h = ∅.

Now let h be minimal too and suppose g ⊆ h. If g ≠ h then g ⊊ h contradicts the minimality
of h; and g = h is impossible by Corollary 9.7. Hence g ∩ h = ∅. □

Lemma 9.11. S has at least two disjoint free gaps, and every free gap is a face of ΓS.

Proof. Finiteness. There are finitely many objects and each has finitely many gaps, so the set of
all gaps is finite.

Every gap contains a minimal one. If g is not minimal it properly contains a gap; by finiteness
a strictly descending chain terminates, and its last term is minimal.

Two disjoint free gaps. Since p ≥ 1 there is an object O, and µ(O) ≥ 2 by Lemma 9.6. Pick
two gaps g1 ̸= g2 of O; they are disjoint. Choose minimal gaps f1 ⊆ g1 and f2 ⊆ g2; then
f1 ∩ f2 = ∅, so f1 ̸= f2, and both are free by Lemma 9.9.

Free gaps are faces. Let f be a free gap of an object O′′. Every other object O′′′ satisfies
O′′′ ⊆ g ∪ {p0} for some gap g of O′′ by Lemma 9.8; freeness forces g ≠ f , and p0 ∈ O′′ so
p0 /∈ f ; hence O′′′ ∩ f = ∅. Together with f ∩ O′′ = ∅ this gives f ∩ ΓS = ∅. Now f is open
and connected with ∂f ⊆ O′′ ⊆ ΓS . Let W be the component of S2 \ ΓS containing f ; it is open,
hence locally path connected, hence path connected. If W ⊋ f there is a path in W from a point
of f to a point of W \ f ; letting t∗ be the supremum of the times up to which the path stays in f ,
the point at time t∗ lies in f̄ \ f = ∂f ⊆ ΓS , contradicting W ∩ ΓS = ∅. So f = W is a face. □

Corollary 9.12. Let ∆ be a free gap, of the object O′′. Then ∂∆ ⊆ O′′ and:
• if O′′ is a loop, X(∆) is the single base point;
• if O′′ =

⋃
Ce(S), then X(∆) = e and ∆ is bounded by exactly two arcs of Ce(S).

In both cases |X(∆)| ≤ 2 and each point of X(∆) occurs exactly once on ∂∆.

Proof. Combine the last part of Lemma 9.11 with Lemma 9.6. □

Corollary 9.13. Every free gap is clean.

Proof. If O′′ is a loop then |X(∆)| = 1 and the condition on pairs is vacuous. If O′′ =
⋃

Ce(S)
then X(∆) = e, whose only pair is e itself, and e ∈ F because |Ce(S)| ≥ 2. □

9.3. Every free gap uses a marked point.

Lemma 9.14. Every free gap g satisfies k(g) ≥ 1.

Proof. Let g be a free gap of the object O′′ and suppose k(g) = 0.
If O′′ is a loop ℓ, then by Corollary 9.12 the closure ḡ is a closed disc bounded by ℓ whose

interior contains no marked point, and ∂ḡ = ℓ meets B only at the base point. So ℓ separates S2

into two pieces one of which is a disc meeting B only in the endpoints of ℓ; by Definition 2.3 the
arc ℓ is not essential, a contradiction.

If O′′ =
⋃

Ce(S), then by Corollary 9.12 we have ∂g = β ∪ β′ with β ≠ β′ two arcs of Ce(S).
Then g is an open disc bounded by β ∪ β′ and containing no marked point, so β and β′ are
isotopic rel endpoints, and a fortiori isotopic in the sense of Convention 2.1. Hence they are the
same vertex of A, contradicting β ̸= β′. □
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9.4. The budget.

Lemma 9.15 (Budget). ΓS has a good face.

Proof. By Lemma 9.11 choose two disjoint free gaps g1 ̸= g2; by Corollary 9.13 they are clean,
by Lemma 9.11 they are faces of ΓS , and by Lemma 9.14 each has k ≥ 1. Being disjoint faces,
the marked points they contain are distinct, so

k(g1) + k(g2) ≤
∑

∆ face
k(∆) = n = 6− V ′.

As S ̸= 0̂ we have V ′ ≥ 1, hence n ≤ 5. If both k(gm) ≥ 3 then the left side is at least 6 > 5. So
some gm has k(gm) ∈ {1, 2}, and that gm is a good face. □

Corollary 9.16. n ≥ 2, that is, V ′ ≤ 4: a stratum never meets five or six of the marked points.

Proof. The minimal gaps are pairwise disjoint by Lemma 9.10, each is free by Lemma 9.9 and
hence a face, and each contains a marked point of its own by Lemma 9.14. There are at least
two of them, as in the proof of Lemma 9.11. Hence n ≥ 2. □

The bound V ′ ≤ 4 is sharp: take a1, a2 joining 1 to 2, with the two sides of a1 ∪ a2 containing
6 and {3, 4, 5} respectively, and inside the second side b1, b2 joining 3 to 4 with sides containing 5
and {1, 2, 6}. All four arcs are essential, the two classes C12 and C34 are the objects, and V ′ = 4.

10. The link complexes are cones

We keep p ≥ 1 and S ∈ Sp fixed.

10.1. LS is a full flag subcomplex.

Lemma 10.1. Put
V (LS) :=

{
v ∈ X : v ∩ ΓS ⊆ B, and ep(v) ̸= ep(β) for every non-loop β ∈ S

}
.

Then LS is the full subcomplex of X on V (LS); in particular LS is a flag complex. Moreover the
interior of each v ∈ V (LS) lies in a single face of ΓS.

Proof. For τ ∈ lkA(S) the condition bv(S ∪ τ) = S says three things: τ contains no loop; τ
contains no two vertices with a common endpoint pair; and no vertex of τ has the endpoint
pair of a non-loop vertex of S. The second is automatic in X, where two arcs with the same
endpoint pair are non-adjacent and so never lie in a common simplex. The first and the third,
together with τ ∈ lkA(S), are conditions on each vertex separately. Hence membership in LS is
determined by the vertex set, that is, LS is a full subcomplex of X; a full subcomplex of a flag
complex is flag.

For the last statement, let v ∈ V (LS). Realise v and the arcs of S by their geodesic
representatives. By Theorem 3.13 these realise all pairwise minima simultaneously, and v is
realisable with interior disjoint from each arc of S, so the geodesic representative of v has interior
disjoint from ΓS . Being connected, that interior lies in a single component of S2 \ ΓS . □

For a face ∆ of ΓS let XF (∆) denote the full subcomplex of LS on the vertices whose interior
lies in ∆.
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10.2. Two uniqueness lemmas.

Lemma 10.2. Let ∆ be a free gap with k(∆) = 1 and interior marked point q. For each
x ∈ X(∆) there is exactly one class, in the sense of Convention 2.1, of arc from x to q contained
in ∆.

Proof. By Lemma 9.5 the gap ∆ is an open disc, and by Corollary 9.12 its boundary is a Jordan
curve: the loop of the object of which ∆ is a gap, or the union of two of its arcs meeting only at
their two common endpoints. On it each point of X(∆), in particular x, occurs exactly once.
Hence ∆̄ is a closed disc with interior ∆ and boundary ∂∆, and q is the only point of B lying in
∆. The Jordan boundary and the single occurrence of x are needed for this disc argument.

Let a, a′ be two arcs from x to q contained in ∆, that is, embedded arcs in ∆̄ with endpoints
x ∈ ∂∆ and q and with interiors in ∆ \ {q}. Cutting the disc ∆̄ along such an arc leaves a closed
disc again, so the change of coordinates principle [2, §1.3] supplies a homeomorphism ϕ of ∆̄
with ϕ|∂∆ = id, ϕ(q) = q and ϕ(a) = a′.

Now the mapping class group of a disc with one marked interior point, taken relative to the
boundary, is trivial: it is the braid group on one strand, B1 = 1 (Farb–Margalit [2, §9.1.3]).
Hence ϕ is isotopic to the identity through homeomorphisms of ∆̄ which fix ∂∆ pointwise and
fix q. Extended by the identity over S2 \∆, that isotopy is an isotopy of S2 fixing B pointwise —
the marked points other than q lie on ∂∆ or outside ∆̄ — and it carries a to a′. In particular
the two arcs are isotopic rel ∂∆, which is more than Convention 2.1 asks. □

Remark 10.3. The proof gives an isotopy rel ∂∆. The fact that q is a marked point is essential:
replacing it by a boundary circle and fixing both boundary circles pointwise would give an
annulus, whose mapping class group is generated by a Dehn twist. In the marked disc, an isotopy
fixing q may rotate a neighbourhood of q, making that twist trivial. To see this explicitly, identify
∆̄ with the closed unit disc and q with 0, take f : [0, 1]→ [0, 1] continuous with f ≡ 1 near 0 and
f ≡ 0 near 1, and put

Ht
(
reiϑ)

:= rei(ϑ+2πtf(r)), Ht(0) := 0.

Each Ht is a homeomorphism, its inverse being given by the same formula with the sign of
2πtf(r) reversed; H0 = id; every Ht fixes ∂∆ pointwise and fixes q; and H1 is the Dehn twist
about a core circle of ∆ \ {q}. So that twist is trivial in the relevant sense and no integer winding
invariant survives.

Lemma 10.4. Let ∆ be a free gap with k(∆) = 2 and interior marked points q1, q2. Then all
arcs in ∆ joining q1 to q2 are isotopic in the sense of Convention 2.1. We write r for the resulting
class; note that the statement is unordered in q1, q2.

Proof. ∆ is an open disc, so int ∆ ∼= R2, and the only marked points of B inside it are q1, q2. By
the fact recalled in the proof of Lemma 4.9 — Epstein’s isotopy theorem [10] in the arc case rel
endpoints — any two embedded arcs in R2 joining two given points are carried onto each other
by an ambient isotopy with compact support. Such an isotopy is supported in a compact subset
of int ∆, hence fixes ∂∆ and every point of B other than q1, q2, and it fixes q1, q2 because they
are the endpoints. It is therefore admissible for Convention 2.1. □

10.3. The apex on a good face. Two facts about a good face ∆ are used, and both come from
freeness. First, by Corollary 9.12, each point of X(∆) occurs exactly once on ∂∆. Second:

Lemma 10.5. Let ∆ be a free gap. Then XF (∆) contains no vertex both of whose endpoints lie
on ∂∆.
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Proof. By Corollary 9.12 the boundary of ∆ carries the marked points of a single object. If that
object is a loop, X(∆) is a single point p0 and such an arc would be a loop at p0, hence not
a vertex of X by (B1). If the object is

⋃
Ce(S), then X(∆) = e and such an arc would have

endpoint pair exactly e, hence the endpoint pair of a member of S; it is excluded from V (LS) by
Lemma 10.1. □

This is the content of the cleanliness condition, and it is needed: an arc with both endpoints
on ∂∆ can separate q1 from q2 inside ∆, and would then meet r.

Lemma 10.6. Let ∆ be a good face. Then XF (∆) is non-empty and has a vertex v0 adjacent in
X to every other vertex of XF (∆); moreover v0 has at least one endpoint at an interior marked
point of ∆.

Proof. By Lemma 10.5 every vertex of XF (∆) has at least one endpoint among the interior
marked points of ∆.

Case k(∆) = 1, with interior point q. Then every vertex of XF (∆) joins some x ∈ X(∆)
to q, and by Lemma 10.2 there is exactly one such vertex for each x. These can be realised
simultaneously as a star centred at q, so they have pairwise disjoint interiors; their endpoint pairs
{x, q} are pairwise distinct because the x are. Hence XF (∆) is a simplex on |X(∆)| vertices,
which is non-empty since X(∆) ̸= ∅, and any vertex may serve as v0.

Case k(∆) = 2, with interior points q1, q2. The vertices of XF (∆) are the classes x–qi together
with the class r of Lemma 10.4. Take v0 := r, whose two endpoints are both interior marked
points. Let w be a vertex of XF (∆) joining x ∈ X(∆) to qi; we construct a representative of r
meeting w only at qi.

Work in int ∆ ∼= R2. By the same fact ([10]; see the proof of Lemma 4.9) we may choose
coordinates in which w is a straight segment near qi. Choose ε > 0 so small that the closed disc
N of radius ε about qi lies in ∆, meets w in a single radial segment, and contains neither q3−i

nor any point of B other than qi. Let ϱ : [0, 1]→ N be the radial segment from ϱ(0) = qi to a
point P0 ∈ ∂N in the direction opposite to that of w; then ϱ((0, 1]) ∩ w = ∅, so ϱ ∩ w = {qi}.

Next, ∆ \ w is connected: ∆ is an open disc and w ∩∆ is a closed arc with one endpoint qi

in ∆ and its other end approaching ∂∆, so ∆ \ w is an open disc slit along an arc reaching the
boundary, which is connected. It is also open, hence path connected, and any two of its points
are joined by an embedded arc in it. Both P0 and q3−i lie in ∆ \ w, so choose an embedded arc
γ : [0, 1]→ ∆ \ w with γ(0) = q3−i and γ(1) = P0.

Let
t∗ := min

{
t ∈ [0, 1] : γ(t) ∈ ϱ([0, 1])

}
,

which exists because the set is closed and contains t = 1. Then γ([0, t∗)) ∩ ϱ([0, 1]) = ∅, and
P := γ(t∗) = ϱ(s∗) for a unique s∗. Put

r′ := ϱ([0, s∗]) ∪ γ([0, t∗]).
The two pieces are embedded arcs meeting exactly in the single point P , which is an endpoint of
each, so r′ is an embedded arc; its endpoints are qi and q3−i, and its interior avoids B. Finally

r′ ∩ w =
(
ϱ([0, s∗]) ∩ w

)
∪

(
γ([0, t∗]) ∩ w

)
= {qi} ∪∅ = {qi}.

Thus r′ and w have disjoint interiors. Their endpoint pairs differ, since ep(r′) = {q1, q2} consists
of interior marked points while x ∈ X(∆) lies on ∂∆. So r′ and w are adjacent in X, and by
Lemma 10.4 the arc r′ represents r. Hence r is adjacent to w. □

Remark 10.7. For k = 2, the required representative is constructed directly in ∆ \ w. The single
occurrence of each boundary marked point is used in the case k = 1, through Lemma 10.2.
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10.4. The cone lemma.

Lemma 10.8 (Cone lemma). If ΓS has a good face ∆, then LS is a cone with apex the vertex v0
of Lemma 10.6. In particular LS is non-empty and contractible, and H̃q(LS ;Z) = 0 for every
q ≥ −1.

Proof. First, v0 ∈ V (LS): its interior lies in ∆, which is disjoint from ΓS , and one of its endpoints
is an interior marked point q of ∆, which is not met by ΓS ; so the endpoint pair of v0 is not the
endpoint pair of any arc of S.

Let w ∈ V (LS) with w ̸= v0. By Lemma 10.1 the interior of w lies in a single face ∆′ of ΓS .
If ∆′ ≠ ∆, then ∆ and ∆′ are disjoint open sets, so w and v0 have disjoint interiors and can

share at most a marked point on ∂∆ ∩ ∂∆′. Their endpoint pairs differ, because the interior
marked point q of ∆ is an endpoint of v0 but cannot be an endpoint of w, lying in ∆ and not on
its boundary. So w and v0 are adjacent.

If ∆′ = ∆ then w ∈ XF (∆) and w is adjacent to v0 by Lemma 10.6.
So v0 is adjacent to every other vertex of LS . As LS is flag by Lemma 10.1, a vertex adjacent to

all others makes it a cone: any simplex together with v0 spans a simplex. A cone is contractible,
and a non-empty complex has H̃−1 = 0. □

Corollary 10.9. LS ̸= ∅ for every S ∈ Sp and every p; consequently E1
p,−1 = 0 for every p ≥ 1.

Proof. For p ≥ 1 combine Lemma 9.15 with Lemma 10.8. For p = 0 we have L0̂ = X, which has
vertices. □

11. Proof of the Main Theorem

Theorem 11.1. E1
p,q = 0 for every p ≥ 1 and every q ≥ −1.

Proof. Fix S ∈ Sp with p ≥ 1. By Lemma 9.15 the graph ΓS has a good face, so by Lemma 10.8
the complex LS is a non-empty cone and H̃q(LS) = 0 for all q ≥ −1; the case q = −1 is exactly
the non-emptiness, recorded in Corollary 10.9. Summing over Sp and using Theorem 8.9 gives
E1

p,q = 0. □

Theorem 11.2. H̃∗(X;Z) = 0 and H̃∗(C1(S2);Z) = 0.

Proof. By Theorem 11.1 the page E1 is concentrated in the single column p = 0. Every differential
dr with r ≥ 1 has source and target in different columns, since it lowers p by r ≥ 1; hence all
differentials vanish and E1 = E∞. The filtration being bounded, Theorem 8.9 gives that E∞

0,q is
a subquotient of the associated graded of H̃q(A;Z) = 0, so E∞

0,q = 0. Therefore

H̃q(X;Z) = E1
0,q = E∞

0,q = 0 for every q.

By Theorem 6.8 the complexes C1(S2) and X are homotopy equivalent, so the reduced homology
of C1(S2) vanishes as well. □

Proof of Theorem 1.1. The complex C1(S2) is a simplicial, hence CW, complex. It is simply
connected by Theorem 7.7 applied with g = 2, and all its reduced integral homology vanishes by
Theorem 11.2. A simply connected space with vanishing reduced integral homology has vanishing
homotopy groups in all degrees, by the Hurewicz theorem applied inductively. A CW complex
all of whose homotopy groups vanish is contractible, by Whitehead’s theorem applied to the map
to a point. Hence C1(S2) is contractible. □
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Corollary 11.3. Hk(C1(S2);Z) = 0 for every k ≥ 1 and H0(C1(S2);Z) = Z. The non-separating
subcomplex Cns

1 (S2) ∼= X is contractible as well.

Proof. The first statement is Theorem 11.2. For the second, X ≃ C1(S2) by Theorem 6.8 and a
complex homotopy equivalent to a contractible complex is contractible. □

11.1. Scope of the argument. The proof of contractibility uses the genus-two setting in two
places. The punctured and bordered cases also require separate arguments.

First, the number 6 = 2g + 2 of branch points is the budget of Lemma 9.15: the inequality
k(g1) + k(g2) ≤ 6− V ′ ≤ 5 is what forces one of the two free gaps to carry one or two marked
points. For g = 3 the same scheme gives eight branch points and a budget of 7, and two free
gaps with k = 3 and k = 4 are no longer excluded, so the good face need not exist.

Second, the dictionary in Section 4 uses the invariance of every simple closed geodesic under
the genus-two hyperelliptic involution. A hyperelliptic involution in higher genus does not give
the same correspondence for all curve classes. The present contractibility proof therefore does
not extend to g ≥ 3, although the simple-connectivity result in Theorem 7.7 does.

The punctured and bordered cases are not treated here. Forgetting the puncture gives a
simplicial map from C1(Σg,1) to C1(Sg) that is surjective on vertices but not injective. We do
not determine whether these complexes are homotopy equivalent.

Remark 11.4. Homology calculations for finite subcomplexes alone do not determine the homology
of the ambient complex: a cycle in a finite subcomplex may become a boundary after more
vertices are included. The proof above instead applies to the full complexes and their filtrations.
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