THE CONVEX NIVAT CONJECTURE:
A COMPLEXITY LOWER BOUND FOR STAR CONFIGURATIONS,
AND A REDUCTION FROM LOW CONVEX COMPLEXITY
TO STAR CONFIGURATIONS

Apex Intelligence

ABSTRACT. Nivat’s conjecture asserts that a configuration ¢: Z2 — A over a finite alphabet
with P¢(m,n) < mn for some m,n > 1 is periodic. Its convex form replaces the rectangle by an
arbitrary non-empty finite lattice-convex window S, that is, one with S = Conv(S) N Z?2. This
paper contains two results.

The first occupies §§0-7: we call § = Z:’;l F;: 7Z? — F, a star configuration when m > 2,
each F; has a non-zero period k;v;, is not doubly periodic, and agrees with doubly periodic
fields on the two half-planes {m; < ¢;} and {m; > r;}, the primitive directions v; being pairwise
non-parallel; and we prove that Py(S) > |S| 4 1 for every non-empty finite lattice-convex S. The
proof attaches to 0 an exceptional spectrum A; of roots of unity in each direction, a Laurent
polynomial A = [[, Ai(T"*), and the zonotope Z = Newt(A) = " [0, d;v;]. For a spectrum-
preserving scalar encoding n = w(#), every Laurent polynomial f with f(7T")n constant is divisible
by A. This bounds the affine deficit by |Rz(S)|: dimUs > |S| + 1 — |Rz(S)|. In the remaining
case of a finite-difference dichotomy, the same zonotope supplies |Rz(.S)| quadratic observables
independent modulo Ug, giving the required complexity bound.

The second result is a reduction (§8): the convex conjecture reduces to the first result, and
therefore holds. Apart from the annihilator and periodic decomposition theorem of Kari and
Szabados [11] and Colle’s results [2] on one-sided nonexpansive directions and on full periodicity
over a region, every step of the chain is proved here in full. Appendix D proves in full the F,
and convex form of Szabados’ theorem. A further appendix reports computational checks of the
main theorem and of the intermediate assertions of §§2-5, including a counterexample to the
natural over-generalisation of Lemma 3.1.
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INTRODUCTION

The problem. Let A be a finite alphabet and &: Z? — A a configuration. For a finite Q C Z?
write P¢(Q) for the number of distinct patterns &|y+q, u € Z?%, and Pe(m,n) = P¢([m] x [n]) for
the rectangular complexity, [m] = {0,...,m — 1}. The Morse-Hedlund theorem [13] says that a
bi-infinite word is periodic as soon as its complexity function satisfies P(n) < n for a single n.
Nivat asked, in his 1997 ICALP address [14], whether the two-dimensional analogue holds:

if Pe(m,n) < mn for some m,n > 1, is £ periodic?

The question is open. Partial results fall into two families. On the combinatorial and
dynamical side, Sander-Tijdeman [16], Epifanio-Koskas-Mignosi [8] and Quas-Zamboni [15]
proved periodicity under complexity bounds of the form P¢(m,n) < mn/C; Cyr and Kra [6]
brought the constant down to 2 by way of nonexpansive subdynamics and settled in [7] the
short-rectangle case P¢(k,n) < kn for k < 3; Colle and Garibaldi [4] gave a version corrected
by the size of the alphabet. On the algebraic side, Kari and Szabados [11] observed that low
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complexity forces the existence of a non-trivial annihilating Laurent polynomial and deduced
that the configuration decomposes as a sum of periodic configurations over Z; Szabados [17]
settled the case of two components; Colle [2, 3] developed the interaction between minimal
periodic decompositions and one-sided nonexpansive directions; and Colle and Garibaldi [5]
recently proved, in the framework of Z,-minimal periodic decompositions, a structure theorem —
the orbit closure of an aperiodic configuration of low convex complexity contains an aperiodic
configuration each of whose periodic components is fully periodic on two disjoint half-planes
— and deduced from it the case k < 4. Kari and Moutot [9, 10] proved that the orbit closure
of a configuration of low convex complexity contains a periodic configuration, and the related
decidability statement for low-complexity tilings.

The convez form of the conjecture replaces the rectangle by an arbitrary window that is convex
in the only sense available on a lattice: a finite S C Z? is lattice-convex if S = Conv(S) N Z2.
A configuration has low convex pattern complexity if P¢(S) < |S| for some non-empty finite
lattice-convex S. The convexity hypothesis is not decoration. Khetan [12] has constructed an
exact cluster F' C Z? of cardinality 8 with full affine span and an F-tiling whose orbit closure
contains no 1-periodic F-tiling; since every F-tiling has low complexity with respect to the
window —F', this is a counterexample to the statement for non-convex windows of full affine
span.

Results. Our results are two. The first is a complexity lower bound for star configurations,
proved from scratch; the second reduces the convex Nivat conjecture to the first, quoting only
results of [11] and [2].

Call 6: 7> — F, a star configuration if 6 = Y ;" F; with m > 2, where each F; is periodic
in a direction v;, is not doubly periodic, and coincides with doubly periodic fields on two
disjoint half-planes bounded by lines of the form 7; = det(v;, -) = const, the primitive directions
v1,. .., Uy being pairwise non-parallel. The precise axioms (S1)—(S3) are in §0.1. Informally: m
one-dimensionally periodic fields, each of which is doubly periodic outside a strip, superimposed
in m pairwise distinct directions.

Theorem A (Theorem 7.3). Let 0 be a star configuration and let S C Z? be non-empty, finite
and lattice-convex. Then Py(S) > |S| + 1.

Theorem A is proved in §§0-7 using no input from the literature beyond the facts that C[Tli, T;E]
is a unique factorisation domain, that Newton polygons are additive under multiplication
(Ostrowski), the Chinese remainder theorem, Hilbert’s Nullstellensatz, and the existence of
unimodular triangulations of lattice polygons.

Theorem B (Theorem 8.18). Let A be finite and &: Z2 — A. If P¢(S) < |S| for some non-empty
finite lattice-convex S, then & is periodic. Consequently, if Pe(m,n) < mn for some m,n > 1,
then & is periodic.

Theorem B is a reduction of the convex conjecture to Theorem A (§8). The chain runs as
follows: the annihilator and the periodic decomposition of Kari and Szabados [11]; the two
results of Colle [2] — a line that is one-sidedly nonexpansive in both directions, and an aperiodic
configuration 9 in the orbit closure which is fully periodic on a region; and then the two steps
of this paper. The first is that each periodic component is fully periodic on one half-plane U;
(Proposition 8.9: extend the full periodicity over the region to a doubly periodic field, isolate the
component with a difference operator @);, and run a finite-state argument). The second is that
each component is fully periodic on a half-plane V; on the far side (Theorem 8.12: push to the
limit along the direction of some component; the limit is a sum of two periodic configurations in
distinct directions, hence periodic by Theorem D.1 of Appendix D, and therefore every limit on
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the far side of the component under examination is doubly periodic; that there are only finitely
many such limits then forces the far side itself to agree with a doubly periodic field). Finally
Lemma 8.17 normalises such a ¢ into a star configuration, contradicting Theorem A. Theorem 8.1
— each component is fully periodic on two disjoint half-planes — coincides formally with the
structure theorem of [5]; the proof given here is different from the one there. After the region has
been extracted, the half-plane arguments do not require the Fj,-decomposition to be minimal;
the region extraction uses a counterexample of minimal Z-order, as specified in Remark 8.3.

The shape of the proof of Theorem A. Let H; be a period of F; along v; that also preserves
every tail field, and let D =[], (T —1).

A dichotomy (§1). Applying D to a function that depends on # through a finite window kills
everything except a bounded region, because outside the union of the pairwise intersections of m
strips in pairwise distinct directions at most one component is still varying. If D¥[0 = a] # 0
for some colour a, the theorem follows for arbitrary finite S, convex or not, by a one-line
integral-domain argument. The remaining case is D¥[0 = a] = 0 for every colour a.

The exceptional spectrum and its zonotope (§2). Pushing 6 to infinity along +H; isolates the
i-th component against a doubly periodic background, producing configurations Ef =F+ Bl-i in
the orbit closure together with their own pure tails G‘;’L, G;T’R. Their colour-indicator differences
are invariant under H;, hence decompose under the k;-th roots of unity; the set of roots that
actually occur is the exceptional spectrum A;, non-empty exactly because F; is not doubly
periodic. Set A = [[; A;(T") with A;(t) = [[xea,(t — A), and Z = Newt(A4) = >2,[0, d;vi],
d; = |Ai|. The key divisibility is Lemma 2.4: if f(T)n is constant for a spectrum-preserving
scalar encoding n = w(#) as in Lemma 2.2, then A | f. Counting, this says that a window S
carries at most |Rz(S)| independent affine relations, where Rz (S) = {r : r+ Z C Conv(S)}: the
cost of the zonotope.

The quadratic witness (§§3—6). The affine bound may fall short by |Rz(S)|. We supply that
many additional quadratic observables. This requires a single vector d with D,[n(z)n(z 4+ d)] # 0
and d € (Z — Z) N Z2. Existence of some such d is §4; confinement to Z — Z comes from a
pair of recursions in the two variables (d, z) (§5) which say that the Laurent transform of the
witness kills the ideal (A(Y), A(X/Y)) in K[Y*], K = C(X1, X5), whose quotient is spanned by
monomials with exponents in Z — Z; and the passage from d € Z — Z to a pair of lattice points
of Z differing by d is a unimodular triangulation argument (§6).

The cancellation (§7). Each r € Rz(S) now yields a quadratic observable ®, on the pattern
set, and these are independent modulo the linear ones. Their number compensates for the full
possible affine deficit; that is Remark 7.4.

Organisation. §0 fixes notation, the axioms of a star configuration, and the main theorem.
§1 proves the dichotomy. §2 constructs A;, A, Z and the dimension budget. §3 shows that A
applied to the colour field of # is a doubly periodic background. §4 produces a non-vanishing
two-point difference, §5 confines it to Z — Z, and §6 converts that into a pair of lattice points
of Z. §7 assembles Theorem A, and §8 deduces Theorem B: §8.1 sets up half-planes, regions
and full periodicity; §8.2 collects the results that are quoted; §8.3 proves the first half-plane
(Proposition 8.9); §8.4 proves the second (Theorem 8.12); §8.5 normalises; §8.6 proves Theorem B.
Appendix A is a one-page skeleton of the argument. Appendix B briefly describes, without proof
and for the record only, a different route that was explored and is not used here. Appendix C
reports the numerical verification. Appendix D proves the F, and convex form of Szabados’
theorem.
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Dependencies. §§0-7 are self-contained. §8 quotes [11] (annihilators and periodic decomposi-
tions), [2, Theorem 1.9], and the proof of [2, Lemma 4.6]. Appendix D uses nothing beyond the
one-dimensional Morse-Hedlund theorem [13].

0. NOTATION, HYPOTHESES AND THE MAIN THEOREM

0.1. Star configurations. Let p be a prime and m > 2. Let vy,...,v,, € Z? be primitive
(coprime coordinates) and pairwise non-parallel. Write

mi(2) = det(v;, 2) (z € Z?),

a surjective linear form Z? — Z, surjective because v; is primitive.

Call G: Z* — F,, doubly periodic if its period group Per(G) = {u € Z? : T“G = G} contains
two linearly independent vectors; equivalently, Per(G) is a finite-index sublattice of Z2.

Let Fj: Z* — F, satisfy

(S1) F; has period kjv; for some integer k; > 1;

(S2) F; is not doubly periodic;

(S3) there are doubly periodic fields L;, R; and integers ¢; < r; + 1 with

F,=L; on {7Ti < EZ}, F;=R; on {7‘('1' > TZ'}.

(If one starts with ¢; > r; + 1, shrinking ¢; to r; + 1 keeps (S3).) We call {m; < ¢;} and
{m; > r;} the left and right tail regions of component i, call L;, R; its left and right tails, and call
{€; < m <r;} the transition strip (possibly empty). We do not require L; = R;, do not require
either to be constant, and do not require k; = 1. Put

m
0=> F: 7* > T,
=1

and call 8 a star configuration.

0.2. Complexity and the main theorem. For finite Q C Z? let 0|u+¢q denote the function
g+ 0(u+q) and

Py(Q) = #{0lurq : u € Z%}.
Call a finite S C Z? lattice-convez if S = Conv(S) N Z2.

Theorem T. Let 0 be a star configuration and let S C Z? be non-empty, finite and lattice-convez.
Then
Py(S) > |S|+1.

Remark 0.1 (Periodic backgrounds). If a doubly periodic field B is added to 6, absorb B into
F1 and replace the tangential period of F; by a multiple that also preserves B; such a multiple
exists because Per(B) has finite index, so Per(B) N Zkjv1 # 0. Then F; + B is still not doubly
periodic (otherwise F; = (F} + B) — B would be), and L; + B, Ry + B are still doubly periodic.
Hence Theorem T covers an arbitrary doubly periodic background.

0.3. Translations, differences and basic conventions. Write T"f(z) = f(z + u). A Laurent
polynomial is a finite sum f =), ¢, T with complex coefficients unless stated otherwise, with
support supp(f) = {u : ¢, # 0} and Newton polygon Newt(f) = Conv(supp(f)). The ring
(C[Tli, T Qi] is an integral domain and a unique factorisation domain, and its units are exactly the
monomials ¢T™ with ¢ € C*.

Colour indicators, the encoding, the differences and all linear algebra take place in characteristic
zero; only the summation of the original components happens in F,,. In particular ¥[f = a] takes
values in {0,1} C Z.
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The common period lattice and the vectors H;. Put

m
I := () (Per(L;) N Per(R;)),
j=1
a finite intersection of finite-index sublattices, hence of finite index; choose N € Z~y with
NZ? CT. For each i we have Nk;v; € ', so we may put
H; := kv, Ki = min{f{ € kil~q: kv; € F}.
Thus H; preserves Fy (by (S1)) and preserves every L;, R;, j =1,...,m.

The difference operator and its formal exponents. Put
m
D:H(THZ-_1), I, = ¥[0 = a], eo = (I)acr, -
i=1

Then D # 0: each factor is non-zero and C[T™] is an integral domain. For C C [m] := {1,...,m}
write Ho = ) _,cc H;, and call
E={Hc:C C[m]}, E={Hc:CC[m]\{i}}
the formal exponent sets. For an arbitrary function g one has the formal expansion
(Dg)(z) = > (~1)""Ig(z + He), (0.1)
CClm]

valid as an operator identity irrespective of whether the vectors H¢ for different C' coincide.
Thus supp(D) C &, and for m > 3 the inclusion may be strict, since distinct subsets may have
equal sums (for instance if Hy3 = Hy + Hs). Every pairing argument made on a formal expansion
below is indexed by subsets C, never by the points Ho. Likewise, for Q; := Hj#l-(THJ’ — 1) one
has D = (TH —1)Q; and

Qig)(z) = > ()" gz + He). (0.2)

CCm]\{d}
1. FINITE DIFFERENCES AND THE FIRST CASE

1.1. Differencing turns a local function into one of finite support.
Lemma 1.1. Let h(z) = p(0],4w) with W C Z? finite. Then Dh has finite support.
Proof. If W = @, then h is constant and Dh = 0. Assume henceforth that W # @. Put
M = &+ W, a finite set, and diam; = maxseps |m;(s)|. Define the widened strips

Y ={z: 4 —diam; < m;(z) < r; + diam, },
and call direction ¢ active at the anchor z if z € 3;. If 4 is not active at z, then for every s € M
the values m;(z + s) and m;(2) lie both in {m; < ¢;} or both in {m; > r;}, so on z + M the field
F; is identically one pure tail ¢; € {L;, R; }.
Claim: if at most one direction is active at z, then Dh(z) = 0. Let J be the set of active
directions, |J| < 1. Take jo € J if J # &, and jo = 1 otherwise. On z + M,

Fjy, J=1j
b=G+B, G={ b povyoe,
0, J=g2 =
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where B is doubly periodic and preserved by every H;, and G is preserved by Hj, by (S1). Hence
G + B is preserved by Hj,. Expand D = (T"io — 1)Q;, using (0.2):

Dh(z)= Y (-1m -l [h(z + He + Hj)) — h(z + Hc)].
CCim\{jo}
Fix C. Since Hg and He + Hjj, both lie in &, the two windows 2z + Ho +W and z + Ho + Hj, + W
are contained in z + M, where 6 = G+ B. So for y € W,
0(z+Hc+ Hjy+y) =(G+B)(:+He+y+Hj,)) =(G+B)(2+ Ho+y) =0(z+ Hc + ),
so the two W-patterns agree and the bracket vanishes. This proves the claim.

Conclusion. Therefore supp(Dh) C U,,;(3: N E;). As v; |[f'vj, the intersection of two strips of
bounded width in non-parallel directions is bounded, so Dh has finite support. ([

1.2. The integral-domain argument.

Lemma 1.2. Let J: Z? — C be non-zero with finite support and let f be a non-zero Laurent
polynomial. Then f(T)J # 0.

Proof. Write f(X) =Y, J(2)X % € C[X{, X, which is non-zero. For f =Y, ¢, T,
> (f(1)J ZCUZJeruX z ZCUZJ Z/+”:<ZcuXu>f(X)

Both factors are non-zero Laurent polynomials and the ring is an integral domain, so the product
is non-zero. [l

1.3. The first case.

Proposition 1.3. If DI, # 0 for some a € F,,, then Py(S) > |S|+ 1 for every non-empty finite
S C Z2%; no convexity is needed.

Proof. Suppose Pp(S) < |S]. Write £ = {0|u1s5 : u € Z*}, so |£] < |S]. On L consider the |S| + 1
functions

1; v = W[y(s) =a] (s€S9).
They lie in a space of dimension < |£| < |S|, hence are linearly dependent: there are rationals
co, (¢s)ses, not all zero, with

Z cs[y(s) = al = ¢ for all v € L.
ses
Substituting v = 0,45 gives ¢(T)I, = ¢ with ¢ = Y, ¢sT5. If ¢ = 0 then all ¢, = 0 and hence
co = 0, a contradiction; so g # 0.
Apply D to both sides. The right-hand side gives Dcyg = 0, since a constant is killed by

THi — 1; the left-hand side gives q(T) DI,. By Lemma 1.1 and the hypothesis, DI, is non-zero
with finite support, so ¢(T')DI, # 0 by Lemma 1.2. Contradiction. O

From now on we assume
DI, =0 for every a € I, (1.1)

Consequently Dw(#) = >, w(a)DI, = 0 for every function w: F, — Z.
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Remark 1.4 (The dichotomy does not depend on the choice of the H;). Replacing H; by a
positive multiple n; H; produces D’ = HZ(T"ZHZ — 1), which is a multiple of D because 7" — 1 =
(TH —1D)A+TH" 4 ... + T(=DH) Hence DI, = 0 implies D'I, = 0; conversely, if DI, # 0 then
it is non-zero of finite support by Lemma 1.1, and Lemma 1.2 gives D'I, = (D'/D)(T) DI, # 0.
Any two choices satisfying the conventions of §0.3, namely k; € k;Z~q and H; = k;v; € I', can be
compared through a common positive multiple in each direction. Thus (1.1) is independent of
these choices. Each H; must preserve its component F; as well as every tail field; preservation of
the tails alone is insufficient.

2. EXCEPTIONAL SPECTRA, THE ENCODING, AND THE DIMENSION BUDGET FOR AFFINE
RELATIONS

2.1. Isolating configurations. Fix i. For j # i we have 7;(H;) = det(v;, H;) = ; det(v;, v;) #
0, so mj(nH;) — £oo; hence on any fixed finite set Fj is eventually identically equal, as n — 400,

to
5_}_: Rj Wj(Hi)>0,
Lj, ﬂj(Hi) < 0,
while Fj is preserved by H;. So T"Hig stabilises on every finite set, with limit
Ef=F+Bf, Bf=> ¢
J#
Letting n — —oo gives E; = F; + B, with the opposite tail choices: €; is L; when m;(H;) > 0
and R; otherwise. Both belong to the orbit closure Xy = {70 : u € Z?} in the product topology.

Since k; > 0 we have sign 7;(H;) = signmj(v;), so that
E? _ Rj ij(vi) > 0, (2'0)
L;, omj(v;) <O0.
By (S3),
= = G?’L =L;+ B] on {m </}, = = Gf’R :=R;+ B on {m >ri},
and G?’L, Gf’R are doubly periodic and preserved by I'. They too belong to Xp: take (v;,u;) a
basis of Z? with det(v;,u;) = 1 and put u = Nu; € T, so that m;(u) = N > 0. For fixed z and n
large, 7;(z + nu) > r;, whence
(T™E7) (=) = Ri(= + nu) + BY (= +nu) = Ri(2) + B] (2) = G7(2),

that is, T"=7 — G?’R; using —u instead gives G;”L.

We record that H; preserves 7, and every H; preserves each of Gf’L, G‘;’R, the latter being

7
sums of tails.

2.2. Spectral projections, exceptional difference fields, and A;. Take an integral basis
(vi,w;) with det(v;,u;) = 1 and write z = sv; + tu;; then m;(2) = ¢ and s = det(z,u;). Call
{t = const} a transverse row. Recall H; = k;v;.

Lemma 2.0 (Spectral projection). Let d: Z? — C satisfy THid = d. For \* =1 put

Ki—1 Ki—1
173 ~ 1'%
Py = — Z )\7]€ T]w”i7 dt(/\) =— Z Afk d(k’ui —i—tui).
Ri =0 Ri 120

(1) (Pad)(sv; +tu;) = A dy(N), and 3\ Pad = d;
(2) TV Pyxd = X Ppd;
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(3) Py is a Laurent polynomial in T, hence commutes with every T" and with every Laurent
polynomial f(T);
(4) for f(T) = ap fagT* o,
(F(T)Pad) (svi + tui) = XY fapA®dip(N) = N [F(NY) da(N] (1),
aﬂB

where f(A\,Y) := > a8 faBAanB acts, as a Laurent polynomial in the single variable Y,
on functions of t, with Y the shift t — t + 1.

Proof. Parts 1 and 2 are the discrete Fourier decomposition on Z/k;, carried out row by row:
(Pad)(sv; + tu;) = K% SEATRA((s + kv + tug) = A° - K% S A Fd(K'v; + tu;), re-indexing by
ki-periodicity, while 3", A% = g J¥[k = s] gives completeness. Part 3 is clear, and part 4 is a
direct computation from part 1 and the definition of T@vitHui [l

Say that A occurs in d if Pyxd # 0, that is, if Jt()\) = 0 for some row t.
Define the exceptional difference fields

digea(z) =W[E(2) = a] —W[G] (2) = a] € {-1,0,1} (c e{+,-}, e {L,R}, acF)p).
(P1) dig,pa =0o0n {m >r;},and d; o1, =0 on {m; < £;}.
(P2) Both Z¢ and G{ are preserved by H;, so T™id; 5., = d; 50 and Lemma 2.0 applies.
Put
A ={X: N =1, J0,¢,a such that X occurs in d; 5.4}

Lemma 2.1. A; # &.

Proof. Otherwise every d; ¢, vanishes identically, by part 1 of Lemma 2.0. Taking 0 = + and

€ = R gives Ej = GT’R; subtracting Bj gives F; = R;, so F; is doubly periodic, contradicting

(S2). O
Put
Aty = [ - N), di = deg A; = |A;| > 1, (2.1)
AEA;
A(T) = ﬁ Ay (TY), Z = i[o, d;v;) C R2. (2.2)
i=1 =1

(P3) For all 0,€,a one has A;(TV) d;scq = 0. Indeed, by Lemma 2.0 only the terms with
A € A;ind =}, P\d are non-zero, and A;(T")Pyd = A;(\)Pxd = 0.

The elements of A; are distinct x;-th roots of unity, so A; is monic with A;(0) = [T (=) # 0.
Hence
Newt (A;(T")) = [0, d;vi], Newt(A) = > [0, div] = Z, (2.3)

(2
the second equality by Minkowski additivity of Newton polygons (Ostrowski: over an integral
domain, Newt(fg) = Newt(f) + Newt(g)).

Remark 2.1 (Galois stability of A;). Each d; ;. o is integer-valued, so for every 7 € Gal(Q((s,)/Q)
one has 7(d;(\)) = dy(7A). Hence X occurs if and only if 7A occurs, A; is a union of Galois
orbits, A; is a product of distinct cyclotomic polynomials, 4; € Z[t] and A € Z[T*]. Nothing
below depends on this (Lemma 2.5 handles the coefficient field by invariance of rank under field
extension), but it does mean that every object of §2 can be discussed over Q.
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2.3. A spectrum-preserving encoding.

Lemma 2.2. There is an injection w: F,, — Z such that for every i and every X\ € A;, the scalar
difference field

a
still has A occurring in it, for some pair o,e€.

Proof. Regard (w(a))aqer, as a vector in QP. For each A € A; there are, by definition, o,¢,t

for which the vector (CE?L) .(A) € CP, indexed by a, is non-zero. By linearity of the Fourier
transform,

(Groe),(N) = S w(@) (digrea), (V)

is a non-zero complex linear form in w; its zero set inside QP is a proper Q-subspace of QP, since
otherwise the form would vanish on a Q-basis of QP and hence identically. There are Y, |A;|
such conditions. Injectivity excludes a further (}) proper hyperplanes {w(a) = w(a)}. Finitely
many proper subspaces cannot cover QP, so a rational w satisfying all the conditions exists;
multiplying by a common denominator makes it integer-valued without affecting non-vanishing
or injectivity. ]

Fix such a w and put n = w(#): Z*> — Z. By (1.1), Dn = 0.
2.4. One-sided vanishing.

Lemma 2.3. Let d: Z? — C satisfy THid = d, vanish identically on a half-plane {m; > c} or on
a half-plane {m; < c}, and let X\ occur in d. If a Laurent polynomial f satisfies f(T)d = 0, then

(T =A) | f-

Proof. By part 3 of Lemma 2.0, f(T)Pxd = P\f(T)d = 0. Write cx(t) = dy()), so cx(t) = 0
whenever d vanishes on row ¢, and g(Y') := f(A,Y) = 325 gﬁYﬁ. By part 4 of Lemma 2.0,

0= (F(T)Prd)(sv; + tu;) = X° > _ggea(t+B)  forall s,
B
that is, g(Y)cy = 0; and ¢y # 0 because A occurs.

Case: d vanishes on {m; > c}. Then c)(t) = 0 for ¢t > ¢, so tp := max{t : c)(t) # 0} exists. If
g #0,let B_ =min{f : gg # 0} and evaluate at t =ty — S_: for § > f_ one has to — f_ + 5 > tg
and cy vanishes there, so only the term S = _ survives, giving gs_cx(tp) = 0, a contradiction.

Case: d vanishes on {m; < c}. Symmetrically, take ty = min{t : ¢\(¢) # 0} and S+ = max{f :
g # 0} and evaluate at t =ty — f4; only the term § = [, survives.

So g = 0. Write f as an element of C[X*,Y*] with X = T% and Y = T%; since (v;,u;) is a
basis of Z? this is an automorphism of the Laurent ring. With f =3 3 y# f(X), the identity
g = 0 says fg(A) =0 for every /3, whence (X — \) | f3(X) — a one-variable Laurent polynomial
vanishing at a non-zero point is divisible by X — A\ — and therefore (X — \) | f. O

2.5. Divisibility.

Lemma 2.4. Let f be a nmon-zero Laurent polynomial with complex coefficients such that
f(T)n = c is constant. Then A | f.
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Proof. (a) The relation passes to the orbit closure. The map z — (f(T)n)(z) — ¢ depends on
0 only through its values on z + supp(f), so it is a local function of . It vanishes on every
translate of #; local functions are continuous for the product topology, so it vanishes on every
member x of Xg: f(T)w(x) = c.

(b) Subtraction. Take x = 27 and x = G, both in Xy by §2.1, and subtract the two identities:
f(T)éi,5.e=0.

(c) One prime factor at a time. Fix A € A;. By Lemma 2.2 there are o, € with A occurring
in 0;s.c; by (P1) this difference field vanishes on a half-plane; by (P2) it is preserved by H;.
Lemma 2.3 gives T — \ | f.

(d) Assembling. Under the automorphism X = TV, Y = T" the element T" — X becomes
X — A, and C[X*,Y*]/(X — \) & C[Y?*] is an integral domain, so T% — \ is prime. Primes
coming from different directions i # k are non-associate: being associate would force T —
A = I(T" — p), and comparing supports gives {0,v;} = {u,u + vi}, hence v; = Fu,
contradicting non-parallelism. Primes from the same direction with A # )\’ are also non-associate:
comparing supports forces © = 0 and then comparing coefficients forces A = X. In a unique
factorisation domain, pairwise non-associate primes each dividing f have their product dividing

fr A=TLTea, (T =N | S O
2.6. The dimension budget for affine relations. For a lattice-convex S put
Rz(S)={reZ?: r+Z C Conv(S)},
Us = spanQ{l, v w(y(s)) (s € S)} C {£—Q}
Lemma 2.5. dimgUg > |S|—|Rz(S)| + 1.
Proof. Ug is generated by |S| 4 1 elements, so dimg Ug = (|S| + 1) — dimg R, where
R = {(co, (cs)ses) € QIS . Z csn(u+s)=co forallue ZQ}.

SES

R is the Q-solution space of a (possibly infinite) homogeneous linear system with integer
coefficients; writing R¢ for its C-solution space, R¢ = R ®g C and dim¢ Rc = dimg R, the
dimension of the solution space of a rational linear system being unchanged by extension of the
base field.

Let (co, (¢s)) € Rc be non-zero and put f =Y . cT%. If f =0 then ¢g = 0 and the element is
zero; so f # 0, and f(T)n = co with supp(f) C S. By Lemma 2.4, valid for complex f, we may
write f = Ag with g # 0. By (2.3) and Newton-polygon additivity,

Newt(f) = Newt(A) + Newt(g) = Z + Newt(g).
From supp(f) C S we get Newt(f) C Conv(S5), so for every r € supp(g),
r+ Z C Newt(g) + Z = Newt(f) C Conv(S),
that is, » € Rz(S). Hence supp(g) C Rz(S5).

The map R¢ — {g : supp(g) C Rz(S)}, (co, f) — g = f/A, is C-linear and injective (cp is
determined by f, A # 0, and division in an integral domain is unique), so

dimg R = dim¢ R¢ < ’RZ(S)‘. ]
Remark 2.6. By lattice-convexity, r € Rz(S) implies (r + Z) N Z2? C Conv(S)NZ? = S. If

Rz(S) = @, then Lemma 2.5 gives dim Ug > |S| + 1; but Ug is a space of functions on the finite
set L, so Py(S) = |L£| > dimUg > |S| + 1 and the main theorem holds. This case covers point
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and segment windows, since Z has non-empty interior (m > 2 and vy |fve). From now on we
assume Rz (S) # @.

3. A APPLIED TO THE COLOUR FIELD YIELDS A DOUBLY PERIODIC BACKGROUND

3.1. Realised sectors and adjacent sectors. The complement R? \ |J; Rv; has exactly 2m
connected components, open cones: order the 2m rays {ov; : ¢ = %, i € [m]} by angle; the
components are the sectors between consecutive rays. On each sector every m; has constant sign;
write €(K) € {+, —}" for the sign vector of the sector K, and call these 2m sign vectors realised.
(For m > 3 the remaining 2™ — 2m sign vectors are not realised.) For a realised € put

. €; + - _
@E .—Z&'ib, £ —Ri; €; —Li,
)

7

which is doubly periodic and preserved by every Hj, as is its colour field eg, = (W[O, = al)a.

Lemma 3.0 (Sectors adjacent along a ray). Let the ray ov; be the common boundary ray of
two sectors K, K'. Then ¢(K) and ¢(K') differ exactly in the coordinate i, and for j # i one has
e(K); = e(K'); = sign(omj(v;)). Consequently

L R
{@e(K%@e(K’)} = {Gf ) Gf }
In the angular order, the 2m sectors form a 2m-cycle under the relation of sharing a boundary
ray.

Proof. The ray ov; lies on Rv; and on no Rv; with j # ¢, the directions being pairwise non-parallel.
A small circular arc centred at ov; crosses only Rv;, so the sign vectors of the two sectors on
either side differ only in coordinate i; for j # 4, the sign of 7; is constant on the arc and equals
signmj(ov;) = sign(om;j(v;)). By (2.0), E;(K)j = £7 Is precisely the tail choice made in Bf, so
O and O (g are R; + By and L; + By in the order dictated by ¢;. The cycle structure comes
from the angular ordering. ]

Lemma 3.1. For every ray ov;,
A(T) Cgoh = A(T) Cgot-

Consequently A(T)ee, takes one and the same value for all realised €; write
b= (ba)acr, = A(T)ee,

This b is doubly periodic and preserved by every H).

Proof. Colour by colour,

KIGT" = a] = K[GT" = a] = dig1.a — digRa:
which is killed by A4;(T"") by (P3), hence by A. By Lemma 3.0 the backgrounds of two sectors
adjacent along a ray are exactly G;"" and G?’L, so their values of Ae agree; and the 2m sectors
form a cycle under this adjacency, hence a connected graph, so Aeg, is the same for all realised

sectors. Double periodicity and Hj-invariance follow from the corresponding properties of ©,
together with the fact that A commutes with translations.

Remark 3.1 (The lemma does not extend to unrealised tail choices). The generalisation “Aeg_ =
Aeg_, for all g, € {L,R}™, realised or not” is false. The reason is that A; is defined using
only the backgrounds BZTJE, whereas a mixed tail choice B may have periods along v; that Bii
do not have, so the spectrum of W¥[R; + B = a] — W¥[L; + B = a] can fall outside A;. An explicit
counterexample is in Appendix C.3. Lemma 3.2 uses only realised sectors, so the main line is
unaffected.
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3.2. Aey — b has finite support.
Lemma 3.2. Aey — b has finite support.

Proof. Write M4 = supp(A). Choose ¢; > max(|¢;],|r;|) so that {m; < —¢;} C {m; < ¢;} and
{mi > ¢} € {m >r;}, and put

pi =ci+ max [mi(s)|, X ={z:|m(2)] < pi}.
SEM 4

Call i active at z if z € 3;; otherwise all of z + M4 lies in one and the same tail region of
component %, the one on the side sign m;(z).

(a) No active direction. Then |m;(z)| > p; > 0 for every i; put ¢; = signm;(z). Regarded as
a point of R?, z lies on no Rv; and has sign vector e, so € is realised; and § = ©, on z + My.
Hence (Aep)(z) = (Aee,)(z) = b(2).

(b) At least two active directions. Then z € ¥; N ¥; with 7 # j, an intersection of two strips of
bounded width in non-parallel directions, which is bounded and so contains only finitely many
lattice points.

(¢) Ezactly one active direction i. Write z = tv; + qu; in the basis (v;, u;), so m;(z) = ¢ and
lq < ps. For j #1,

mj(z) = tmj(vi) + qmj(ui),  mi(vi) = det(vj, vi) # 0.
If
pi maxX;s |mj(ui)| + max;.; pj
min;; |m;(v;)|

It| > , (3.1)

then for every j #£ i and every s € My,

mie+5)| 2 [t w0l —lal Imy ()| = i) > o5 = Im5(9)] = p; = max |my(s)] = c;

(
and, because [t]|mj(vi)| > |q]|mj(wi)| + |7 (s)|, also signm;(z + s) = sign(¢m;(v;)). So all of
z 4+ My lies in the tail region of component j determined by sign(tm;(v;)). By (2.0) these are

sign(t)
7

exactly the tail choices made in B , 80 on z+ My

0=F;+ Bfign(t) =Z7, o = sign(t),
whence (Aeg)(z) = (Aezs)(2). By (P3), Ai(T") kills ezs — eo.r = (dig,Ra),> 5O

(Aezz)(2) = (Aegor)(2) = b(2),

the last step because G‘;’R is the background of one of the realised sectors adjacent along the ray
ov; (Lemma 3.0).

Only finitely many ¢ violate (3.1), and these combine with |g| < p; to give finitely many lattice
points. Combining (a), (b), (c), supp(Aeg — b) is finite. O

3.3. Conclusion.

Proposition 3.3. A(T)eg = b. In particular
An =by, = Zw(a)ba

a

1s a doubly periodic field preserved by every H;.

Proof. By (1.1), Deg = 0; and b is preserved by every H;, so Db = 0. Hence D(Aeg — b)
A Deg — Db = 0. By Lemma 3.2 this function has finite support, so Lemma 1.2 (with D #
forces it to vanish.

R
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4. AT LEAST ONE TWO-POINT DIFFERENCE IS NON-ZERO

Put Q; = H#i(THJ' —1) as in (0.2), and f; = Q;n. From D = (THi —1)Q; and Dn = 0 it
follows that f; has period H;.

Lemma 4.1. The support of f; is contained in a strip of bounded width in the direction v;, and

fi #0.

Proof. (a) A global identity. We have f; = T™Hi f; for every n. Let n — 4-00: on every fixed finite
set T — Ej, the convergence being eventual pointwise stabilisation, so 75 — w(Ej) and
therefore

fi=Qiw(E). (4.1)
Each factor THi — 1 with j # i annihilates w(G:r’R), since H; preserves that pure-tail field, so
fi=Qidi,  bii=w(E) —wG . (4.2)

Using G, instead gives fi = Q; &} with & = w(Z]) — w(G;").

(b) A strip of bounded width. By (P1), § = 0 on {m > r;} and 6, = 0 on {m < ¢;}. Put
¢ = maxgeg, |mi(s)]. By (4.2) and (0.2), fi(z) # 0 forces 0;(z + s) # 0 for some s € &;, whence
mi(2) < r; + ¢; the other identity gives m;(z) > ¢; — ¢. So supp(f;) C {l; —c < m <1+ c}.

(¢c) Non-vanishing. First, §; # 0: otherwise w(Z;") = w(G’j’R), and injectivity of w gives
B = G;“R; subtracting B;" gives F; = R;, which is doubly periodic, contradicting (S2).

Since §; vanishes on {m; > r;} but is not identically zero,

7" = max{m;(z) : 6i(2) # 0} (< 7i)
exists. Choose z* with §;(2*) # 0 and m;(2*) = 7*.
Expand @; formally as in (0.2). We have m;(Hc) = 3 cc mi(H;) with every m;(H;) # 0 for
j #1i. Put
ijn = {] 75 1: 7TZ‘(H]') < 0}
For any C C [m] \ {i} with C # Cin,
mi(Ho) = mi(Hop,) = Y. m(Hj) — > m(Hj) >0,
F€C\Cmin J€Cmin\C
because the terms of the first sum are positive, those of the second are negative, and at least one
of the two sums is non-empty. So m;(Hc,,. ) is the unique minimum. This is a statement about
the m;-projections and is unaffected by any coincidences among the points Ho themselves.

Evaluate at z = z* — H :

min *

filz) =3 (=1)m 1% (2 + He).

C
The term C' = Cy, contributes £6;(z*) # 0; for C' # Chyin,

7Ti(Z + Hc) =7+ (Wi(Hc) — Wi(HCmm)> > 7,
so ¢; vanishes there. Hence f;(z) = £6;(z*) # 0. O

Lemma 4.2. For every d the function J(d,-) := D,[n(z)n(z + d)] has finite support; and there
exists d with J(d,-) # 0.
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Proof. Finite support: z+— n(z)n(z + d) is a local function of 6, with window W = {0, d}; apply
Lemma 1.1.

Non-vanishing: choose i # j, possible since m > 2. By Lemma 4.1 choose x;, x; with f;(z;) # 0
and fj(z;) # 0. Put dy = z; — x; and

C(2) = fi(2) fi(z + do).
Then C(x;) = fi(x;) fj(x;) # 0. Now supp(f;) lies in a strip of bounded width in the direction v;
and supp(f;(- + do)) in one of direction vj, with v; [f v;, so supp(C) is bounded. By Lemma 1.2,
DC # 0.
On the other hand, expanding formally by (0.2),
C(z) = (Z +n(z + Hcl)) (Z +n(z +do + H02)> = Z +n(z + ui)n(z + us),
C1 Ca C1,C2
with u; = He, and ug = dg + He,. By translation invariance of D,
DC = Z +7T" (Dz n(z)n(z + ug — u1)]) = Z + T J(ug — u1, ).
Cl,CQ 01,02
If every J(d,-) vanished, then DC' = 0, a contradiction. O

5. THE BI-RECURSION AND THE QUOTIENT ALGEBRA

5.1. The bi-recursion. Regard J as a function of the pair (d, z): J(d,z) = D,[n(z)n(z + d)].
Write T7J(d, z) = J(d+ s,z) and T7J(d, 2) = J(d,z + s).
Lemma 5.1.
A(Ty) J =0, A(T.T; 1) T =0. (5.1)
Proof. First identity. For any Laurent polynomial g =} gs7",
= X a: Deln(e)n(z+d + )] = D [1(2)(9(T)n) (= + d)|.

Take g = A; by Proposition 3.3, (An)(z + d) = b,(z + d). Expanding D, by (0.1),

D.[n(2)by(z + d)] =3 (=1)" 1% n(z + He) by (2 + He + d).
C
Each Hc is a sum of vectors H; and so preserves by; therefore b,(z + Ho + d) = by (2 + d) and

=by(z+d) > (1)1 y(z + He) = by(z + d) (Dn)(2) = 0.
C

Second identity. The operator (TZTd_l)S sends (d, z) to (d — s,z + s): the first observation
point moves, z — z + s, while the second, z 4 d, does not. Hence

g(T.T; Y ng o (' +d—s)] s
:Z— |C|ngn(z+s+Ho)n(z+Hc+d)
= Z 1 (g(T)n) (= + He) n(z + He + d).

Take g = A: then (A )z + Hc) = b n(z + Hc) = by(2), so the sum equals

(2) Y- (=1)™€ly(z + He + d) = by(2) - (Dn) (2 + d) = 0. =
C
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5.2. The quotient algebra. Let X = (X1, X3) be independent indeterminates, K = C(X1, X»),
and R = K[V V5. For uw € Z2 write Y* = VY, and X" = X" X42; the monomials
{Y"},cz2 are a K-basis of R. Put

ai =A; (YY), ¢ =A (XYY, a:Hai:A( , C—HCZ— (X/Y).

Lemma 5.2. As a K-vector space, R/(a,c) is spanned by the images of {Y? :d € (Z — Z) N Z2}.

Proof. Step 1: no common zeros, and the Chinese remainder theorem. Extend to K
and test in (FX)Q. Note that C is algebraically closed, so an element of K that is algebraic over
C lies in C, whereas X" with u # 0 is transcendental over C.

(i) a; and ¢; have no common zero. From a; = 0 we get YV = X € A;; from ¢; = 0 we get
XY~V =y € A;. Multiplying, XV = Ay € C, a contradiction.

(it) If a; = a = 0 with i # k, then every ¢; # 0. From YV = A\, Y% = X and A =
det(v;, vg) # 0, the elements YlA and YZA are products of integer powers of A\, X', so Y7,Y5 are
algebraic over C and hence lie in C*. If some ¢; = 0 then X% = Y% € C, a contradiction.

(117) If ¢; = ¢; = 0 with j # 1, then every a; # 0. Put W = X/Y, that is Wi = X;/Y; and
Wy = X3/Y2. From WY% = p and WY = 1/ we get, as in (ii), Wi, Wy € C*, that is Y1 = aX;
and Yo = X5 with o, 8 € C*. If some a; = 0 then Y% = A, that is a"18%2X"% = X\ and
XY € C, a contradiction.

By (ii), for i # k the ideal (a;, ax, ¢) has no zero in (K )2, so it equals (1) in K[Y*] by the
Nullstellensatz, and descends to R by faithful flatness of R — K[Y*]: (a;,ar,c) = R. That is,
the a; are pairwise coprime in R/(c). By the Chinese remainder theorem,

R/(a,c) = R/(I1; ai, ¢) ~ II; R/(ai,c).
In R/(a;): by (i), (as, ;) = R, so ¢; is a unit; by (iii), for j # [ with j,[ # ¢ one has (a;, ¢j,¢;) = R,
so the ¢; are pairwise coprime in R/(a;). A second application of the Chinese remainder theorem
gives
R/ a;, ¢ R/(ala H C]) j;ﬁz R/(CLZ‘,C]‘),

and combining, with the 1som0rphlsm given by the natural projections,

R/(a,c) ~ H R/(a;, cj). (5.2)

1#]

Step 2: a monomial spanning set for each factor. Fixi # j. Putu=Y" andw =Y ",
let £ = Zv; + Z(—v;) and v = [Z? : £] = | det(v;, v;)|. Take the v lattice points rq,...,7, of the
half-open fundamental domain

II={av;—pvj: 0<a<1, 0<8 <1},
a complete set of representatives for Z2/£. Then R is free as a K[u®,w
{Ym}.

The ideal (a;, ¢;) is generated by the elements a; = A;(u) and ¢; = A;(X%w) of the subring

K[ut,wt], so

*]-module with basis

al,cj @YT" . ]/(Az(u),AJ(XUJW))

Now A;(u) has degree d; in u with both extreme coefficients non-zero (A; is monic and A4;(0) # 0),
so any integer power of u reduces into the K-span of {u°,...,ud"1}; and A;(X%w) has degree
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d; in w with leading coefficient X 43%5 = () and constant term A;(0) # 0, so any integer power of
w reduces into the span of {w’,...,w%~'}. Hence

{Ywavi—ﬁ”ﬂ' s 1<n<y, 0<a<d;, 0<B< dj} (5.3)

spans R/(a;,c;). Since ry, € II — its v;-coefficient and its (—wv;)-coefficient both lie in [0,1) —
all the exponents in (5.3) lie in
Pij = [0, dﬂ)i] + [0, —djvj]. (54)
Step 3: projection onto a factor. Put
Eij = H af H C.
k2i I£j
In the decomposition (5.2):
e on a factor (¢, j’) with i’ # i: the factor a; occurs in E;; and is = 0 there, so E;; = 0;
e on a factor (i, j") with j' # j: the factor ¢js occurs and is = 0, so E;; = 0;
e on the factor (¢, 7): by (i), (ii), (iii), the ideals (a;, ¢;, ax) for k # i and (ai, ¢;, ¢;) for I # j
have no zero in (KX)Z, hence equal R by the Nullstellensatz and faithfully flat descent.
Now (a4, ¢j,x) = R means precisely that there is w € R with wz =1 (mod (aj, c;)), so
each aj and each ¢; is a unit in R/(a;,¢j), and so is their product Ej;.

Therefore the image of Ej; - (5.3) spans the factor (4, j) and vanishes on all the others. Every
monomial exponent occurring in Ej; - Y lies in Newt(E;;) + e, and
Newt(Ejj) + Py € [0, dpvg] + > [0, —dyv] + Py
ki 1£5
=300, dpvi] + >0, —dw] = Z + (-2) = Z - Z,
k l

using Newt(ag) = [0, dxvg], Newt(c;) = [0, —d;v;] and the fact that the Newton polygon of a
product is the Minkowski sum. Taking the union over all ¢ # j gives the spanning statement. [

5.3. The witness lies in 7 — Z.
Proposition 5.3. There is d € (Z — Z)NZ? with d # 0 and J(d,-) # 0.

Proof. By Lemma 4.2 each J(d,-) has finite support, so
J(d; X) =Y J(d,2)X* € CIX{f, XJf]C K

is well defined, the supports for different d being allowed to differ. Define a K-linear functional
L: R — K by setting L(Y?) = J(d; X) on the K-basis and extending K-linearly. That L is
K-linear, and not merely C-linear, is what makes the next step work: coefficients X*® € K may
be pulled out of L.
L kills the ideal (a,c). Write A =3, AsT?, so that a = A(Y) =3, AY* and c = A(X/Y) =
Yo A XY TS,

By the first identity of (5.1), for every (d,z) we have Y, AsJ(d + s,z) = 0. Taking the
Laurent transform in z,

S AJd+5X) =0 = LYt a) =3 ALY =o0.
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By the second identity of (5.1), for every (d, z) we have Y, As J(d — s,z + s) = 0. Taking the
Laurent transform in z and noting

ZJ — 8,2+ 85X %= ZJ —5,2) X7 = X5 J(d — s, X),

we get S, A X5T(d— 5, X) =0, that is L(Y? - ¢) = 3, A X L(Y97%) = 0.

For an arbitrary g = 3", 94Y? € R with gq € K, K-linearity gives L(ga) = >, gaL(Y%) =0,
and likewise L(gc) = 0. So L vanishes on (a,c) and descends to L: R/(a,c) — K.
Conclusion. If J(d,-) = 0 for every d € (Z — Z) N Z2, then L vanishes on a spanning set supplied
by Lemma 5.2, hence L = 0, hence L = 0, hence J(d; X) = 0 for every d, that is J = 0 —
contradicting Lemma 4.2.
d # 0. We have J(0,z) = D,[n(2)?], and n? = w'(#) with w'(a) = w(a)? is a single-site colour
function, so Dn? = 0 by (1.1). O

6. PUTTING TWO POINTS INTO ONE INTEGRAL ZONOTOPE

Lemma 6.1. Let Z = 31" ,[0,d;v;] with integers d; > 1, v; € Z%, m > 2 and vy [fva. Then
(Z-2)n7* = (Zn7Z* - (ZNnZ?. (6.1)

Proof. The inclusion “D7” is clear.

“C™oput cg = Y, div; € Z?. For x = Y, x; € Z with x; € [0,d;v;] we have ¢ — x =
>oi(div; — ;) with djv; — 2 € [0,dv;], so ¢ — x € Z; that is, co — Z C Z. Applying this once
more, Z =co— (co—Z) Ceco— Z,s0 o —Z =7 and —Z = Z — ¢y. Hence

Z—-2=0+(-2)=2+7Z—cy=27Z— cy.

Letd€ (Z—Z)NZ?* and put x = d + ¢ € 272 N Z2.

The vertices of Z are subset sums of the vectors d;v; and so are lattice points; thus Z is a
two-dimensional lattice polygon. Take a unimodular triangulation of Z: every two-dimensional
lattice polygon can be subdivided into lattice triangles of area % whose vertices are lattice points
of Z. Since z/2 € Z, it lies in some unimodular triangle AABC (boundary included), and
(B— A,C — A) is a basis of Z2. Write

st=A+a(B-A)+B(C—-4), >0, a+ps<1.
Then z — 24 = (2a)(B — A) + (268)(C — A). The left-hand side is a lattice point and (B —
A,C — A) is a lattice basis, so 2a,25 € Z>o with 2a+ 25 < 2. The cases are:

(20,28) x decomposition
(0,0) 2A A+ A
(1,0) 2A+(B—A)=A+B A+ B
(0,1) A+C A+C
(2,0) 24+2(B—A)=2B B+B
(0,2) 2C c+C
(1,1) 2A+(B-A)+(C—-A)=B+C B+C

In every case z = p + ¢ with p,q € {A,B,C} C ZNZ2.
Finally d=x —co=p— (co — q), and ¢o — q € ¢co — Z = Z is a lattice point. O

Corollary 6.2. The vector d of Proposition 5.3 can be written d = q1 — qo with qo,q1 € Z N Z2.
Putting q = qo, both q and q + d lie in Z N Z2.
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7. QUADRATIC OBSERVABLES MAKE UP THE WHOLE LINEAR DEFICIT

Fix d and ¢ as in Proposition 5.3 and Corollary 6.2, and put
h(z) =n(z)n(z + d), J := Dh # 0 of finite support.
Lemma 7.1. For everyr € Rz(S) one hasr+q€ S andr+q+deS.

Proof. We have r + Z C Conv(S) and ¢,q+d € ZNZ?, so
r+q r+q+d € (r+2Z)NnZ* C Conv(S)NZ*=S. 0

Consequently, for each r € Rz (S) the quadratic scalar observable
o L=Q &) =w(y(r+4q) whr+q+d)
is well defined, and @, (0lu+s) = n(u+7r+q)n(u+r+q+d) =h(u+7r+q).
Lemma 7.2. The family {®,},cr,(s) is linearly independent in {L — Q}/Us.
Proof. Suppose not: there are (¢, ), not all zero, and ¢ € Ug with )", ¢,®, = 1 on L. Substituting

7 == 9’u+57

Z crh(u+r+q):co+2usn(u+s) for all .
reéRz(S) seS

Apply D in u to both sides. The right-hand side gives Dcy + >, pus T¥(Dn) = 0 by (1.1); the
left-hand side gives (3, ¢, T"19)(Dh) = (X, ¢, T"T9)J.

So (3, ¢;T""1)J = 0. The exponents r + ¢ for r € Rz(S) are distinct and the (¢, ) are not all
zero, so that Laurent polynomial is non-zero; and J is non-zero of finite support. This contradicts
Lemma 1.2. (|

Theorem 7.3 (Theorem T). Py(S) > |S|+ 1.

Proof. The case Rz(S) = @ is Remark 2.6. Assume Rz(S) # @ and put
V =Us +spang{®, : 7 € Rz(S)} C {L— Q}.
By Lemma 7.2, dim V = dim Ug + |Rz(S)|; by Lemma 2.5,
dimV = (S|~ [RA(S)] + 1) + |Rz(S)| = IS] + 1.
On the other hand V is a space of functions on the finite set £, so dim V' < |£| = Py(95). O

Remark 7.4 (The balance). The zonotope Z enters the proof twice and with opposite signs:
it is the cost of the affine relations, Lemma 2.5 subtracting |Rz(S)|, and it is the capacity of
the quadratic witness, Lemma 7.1 supplying exactly |Rz(.S)| positions. The two cancel exactly,
independently of the shape of S and of the size of Z. The sampled modular ranks in Appendix C
attain the lower bound of Lemma 2.5 on every reported Case-B instance.

8. REDUCTION TO THE CONVEX NIVAT CONJECTURE
This section starts from a non-periodic configuration £ of low convex complexity, extracts a
star configuration from X, and contradicts Theorem 7.3. The chain is
Theorem 8.4 [11] — Lemma 8.5 (mod p) — Theorems 8.6 and 8.7 [2]
— Proposition 8.9 (first half-plane, this paper)
— Theorem 8.12 (second half-plane, this paper) — Lemma 8.17 — Theorem 7.3.

Every link is either a result of [11] or [2], or proved here in full.
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Theorem 8.1 (Structure input). Let & be a counterexample of minimal order in the sense of
Remark 8.3. Then there are a prime p with A C [p], a non-periodic ¥ € X¢, an m > 2 and
Fp-valued G1,...,Gpn with 9 = Y7, G; over Fy,, each G; having a non-zero period h;, the h;
pairwise non-parallel and no component doubly periodic, such that for every i:

(i) G; is fully periodic on a half-plane U; whose boundary is parallel to h;;
(ii) G; is fully periodic on a half-plane V; disjoint from U;.

Part (i) is proved in §§8.2-8.3 (Proposition 8.9 and Corollary 8.10); part (ii) is proved in §8.4
(Theorem 8.12).

8.1. Half-planes, regions and full periodicity.

Definition. A half-plane is a set of the form H = {z € Z? : (z,n) > c} or H = {2z € Z*: (z,n) >
c} with n € R?\ {0} and ¢ € R; we call n its normal. For an integer vector g: if (g,n) > 0 then
H+g C H;if (g9,n) >0 then Uyso(H — Ng) = Z2

Call R C Z? a lattice-convex region if R = C N Z? for some closed convex C' C R?. Writing
Cpr := Conv(R) for the closed convex hull, one still has R = Cr N Z?2, since R C Cr C C. Let

Kr:={weR*: Cr+wC Cr}

be the recession cone of Cg, a closed convex cone. If h € Z? satisfies R+ h C R, then Cr + h =
Conv(R + h) C Cg, that is h € Kg. A half-plane with rational boundary direction is a lattice-
convex region: after rescaling its normal to an integer vector, a strict inequality can be replaced
by a weak inequality with an integer threshold. For such a half-plane, Kr = {w : (w,n) > 0}.

For a non-empty U C Z? say that G: Z? — F,, is fully periodic on U ([5, Definition 2.1]) if
there are R-linearly independent h,h’' € Z? withUd + h CU, U +h' CU, G(z+ h) = G(z) and
G(z+ 1) = G(z) for all z € Y. The restriction of a doubly periodic field to any half-plane is
fully periodic: take two independent vectors of its period lattice pointing into the half-plane.
Conversely:

Lemma 8.2 (Global extension). Let R be a lattice-convex region or a half-plane, and let G
be fully periodic on R, with vectors h,h'. Put g := h+ h'. Then for every z € 7> one has
2+ Ng € R for all large N, and there is a doubly periodic field G with Per(é) D Zh+ZNK
and G = G on R. If R is a lattice-conver region, then dim Kr = 2 and g € int Kg; if R is a
half-plane with normal n, then (g,n) > 0.

Proof. First suppose R is a lattice-convex region. From R+ h C R and R+ h' C R we get
h,h' € Kg; they are linearly independent, so the closed sector they span lies in Kg, its interior
is non-empty and contains g, whence g € int Kp and dim Kr = 2. Pick z¢p € Cpg; by the
definition of the recession cone zy + K C Cg. For any z we have z + Ng — xg = N (g + Z*Afo),
and for N large the vector in brackets lies in a neighbourhood of ¢ contained in Kg; hence
2+ NgeCrNZ?=R.

For a half-plane R with normal n, there is a direct argument, whether its boundary direction
is rational or irrational and whether its defining inequality is strict or weak. The inclusion
R+ h C R implies (h,n) > 0: otherwise, starting at any point of R, repeated addition of h would
eventually leave R. Likewise (h',n) > 0. Since h, h’ are independent, these two inner products
cannot both vanish, so (g,n) > 0. Thus z + Ng € R for all sufficiently large N. In either case
the extension is constructed as follows.

Step 1. For z € R and k > 0: z+ kh € R and G(z + kh) = G(z), by induction on k; likewise
for b’ and for g.
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Definition. For z € 72 pick N > 0 with z + Ng € R and set G(z) = G(z + Ng). This is well
defined: if N < N’ both work, then G(z + N'g) = G((z + Ng) + (N’ — N)g) = G(z + Ng) by
Step 1. Taking N = 0 shows G =GonR.

Periodicity. Given z, pick N with z + Ng € R; then also z + h + Ng € R, so é(z +h)=
G((z+ Ng) + h) = G(z + Ng) = G(z) by Step 1. The same for 7. O

An open half-plane with irrational boundary direction need not be a lattice-convex region
under the closed-convex-set definition above. The direct half-plane argument in Lemma 8.2
covers this case as well.

8.2. The results quoted, and counterexamples of minimal order.

Remark 8.3 (Counterexamples of minimal order). For a non-periodic configuration £ of low convex
complexity with A C Z4, write ord () for the length of a Z-minimal periodic decomposition of ;
by [11] a configuration of low complexity has a non-trivial annihilator and hence a finite periodic
decomposition, so ord is finite. If the convex Nivat conjecture has a counterexample, then one
may take a counterexample { with ord(¢) minimal, and for such a & every non-periodic &' € X¢
is again a counterexample, with ord(¢') = ord(€).

Proof. Every finite-window pattern of £’ is a pattern of £, so £’ has low convex complexity; being
non-periodic it is a counterexample, and minimality gives ord(§’) > ord(¢) =: m. Conversely
write £ = > ;<,, & minimal, with & of period h;; the directions are pairwise distinct, since
two components with parallel periods could be merged, contradicting minimality. Then ¢ =
[1;(X" — 1) annihilates ¢; an annihilation relation is a linear identity on a finite window and
therefore passes to the orbit closure, so ¢ annihilates ¢, and by [11] the configuration & has a
periodic decomposition with at most m terms, that is ord(¢") < m. O

Consequently every result of [2] proved under the standing assumption that the non-periodic
configurations of the orbit closure all have the same order (]2, §4.1]) — including [2, Theorem 1.10]
and the Claims of its §4 — is available for a counterexample £ of minimal order; it is under that
assumption that Theorem 8.7 below quotes [2, Lemma 4.6].

Theorem 8.4 (Kari-Szabados [11]). Let &: Z2 — A with A C 7 finite.
(a) If Pe(S) <|S| for some non-empty finite S C Z?, then Anngz(€) # 0.
(b) If Anng(€) # 0, then there are pairwise non-parallel hy,. .., hy € Z*\ {0} such that
¢ = [17 (X" — 1) annihilates &; and every n € 77 annihilated by such a ¢ can be
written n = >, n; with n; € v/ of period h; (the values possibly unbounded).

Both (a) and (b) are in [11]; the argument for (a) is the same as in the proof of Proposition 1.3.

Lemma 8.5 (Passing to the orbit closure and reducing mod p). Let £ be as in Theorem 8.4 with
AC 7y, and let o =[], (X" — 1) annihilate &, with the h; non-zero and pairwise non-parallel
as in Theorem 8.4(b). Then for every ¥ € X¢ and every prime p > max A:

(a) ¢ annihilates 9, so ¥ = 3, ¥; with ¥; € v/ of period h;;

(b) putting ¥; := ¥; mod p: Z? — F, one has ¥, ¥ =3, the values of ¥ being read in F) (no
colours are merged, since A C [p]), and each 9; has period h;;

(¢) after merging the components whose periods are parallel one may assume the h; pairwise
non-parallel; and if ¥ is non-periodic, at least two components remain.

Proof. (a) At each z the identity ¢ = 0 involves only ¥|.4supp, 50 it is a local function of ¥; it
vanishes on every translate of &, and local functions are continuous for the product topology,
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hence it vanishes on X¢. Now apply Theorem 8.4(b). (b) Reduce pointwise. (c) The sum of two
components with parallel periods is again periodic (take a common multiple of the two periods);
if only one term were left, ¢ would be periodic. O

Theorem 8.6 (Colle [2, Theorem 1.9]). Let A C Z be finite and let ¢ € AZ” have a non-trivial
annihilator. If for every line { either —€ ¢ ONED(E) or £ ¢ ONED(E), then € is fully periodic.
In particular, if £ is non-periodic there is a line { with £€ € ONED(¢).

The proof of [2, Theorem 1.9] uses the periodic-limit theorem of Kari and Moutot [9, 10] and
the Boyle-Lind theorem [1]; it does not depend on the equal-order assumption of [2, §4.1].

Theorem 8.7 (Colle [2, proof of Lemma 4.6]). Let & be a counterexample of minimal order in
the sense of Remark 8.3, so that the equal-order assumption of §4.1 of [2] is in force, and let
¢ be as in Theorem 8.6. Then there are a non-periodic ¥ € X¢ and a lattice-convex region R
such that V| g is fully periodic. Here R is a (€,£)-region: the set of lattice points of a convex
unbounded polygonal region whose boundary consists of two unbounded edges, along £ and along
V', both nonexpansive lines for Xe, and finitely many bounded edges.

Theorem 8.7 is extracted from Cases 1 and 2 in the proof of [2, Lemma 4.6]. There, regional
periods require equality only where a point and its translate both belong to the region. Both
cases also provide a period parallel to each of the two non-parallel unbounded edges. Orient these
periods h, h' along the corresponding outward rays of Cg. Closed convexity puts h,h’ in Kg: if
zo + R>oh C Cg, then for z € Cr and t > 0, letting s — oo in (1 —t/s)z + (t/s)(zo + sh) € Cr
gives x + th € Cgr. Thus R+ h, R+ h' C R, and the overlap identities hold at every point of
R, giving full periodicity in the sense of §8.1. The source proof uses Lemma 3.5, Lemma 4.2,
Propositions 2.13-2.14 and Claims 4.7-4.16 of [2], of which Claims 4.11 and 4.16 depend on
the equal-order assumption. Only three items of it are used below: ¥ is non-periodic, R is a
lattice-convex region, and 1 is fully periodic on R. The position of the two asymptotic directions
of the region is not needed: Proposition 8.9(b) gives the half-plane containments for its recession
cone that are used in Lemma 8.15.

8.3. The first half-plane. This subsection proves Theorem 8.1(i). The only tools are Lemma 8.2,
the difference operators @; of (0.2), and the finite-state argument of step (6) of Lemma D.7 in
Appendix D.

Lemma 8.8 (One-sided finite-state lemma). Let G: Z? — F,, have period kv with v primitive and
k> 1, let (v,u) be a basis of Z?2, so det(v,u) = £1, and define the row coordinate of z = sv + tu
by t = t(z) = det(v,u) det(v,z). Let Hy,...,H, € Z* with r > 1 satisfy B; := t(H;) # 0, and put
B-=2p,<0Bj and By =3 5.50Bj- If

A=J[T"-1G
j=1

vanishes on the half-plane {t > c}, then there is ¢ > 1 with G(z + qu) = G(z) for all z with
t(z) > ¢+ B—; in particular G is fully periodic on {t > ¢+ B_}, with the periods kv and qu,
neither of which leaves that half-plane. If A =0, then G is doubly periodic.

Proof. Write z = sv +tu. Let W:={f: Z —F,: f(s+k) = f(s)}, a set of cardinality p*, and
for each row t let Gy € W be Gy(s) := G(sv + tu). Write H; = ajv + fju. Then

(T G)(sv + tu) = G((s + aj)v + (t+ Bj)u) = (p% Geyg,)(s5),
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where (pf)(s) :== f(s+1) is an invertible linear map of WW. Since p commutes with the translations
in the t direction, for every ¢

Av= 30 ()G, ac= )0y Bo=) ] 6;
cClr] Jjec Jjec
The maximum By = maxc ¢ is attained only at C = {j : #; > 0} and the minimum
f— =ming B only at C_ := {j : ; < 0}; put L := 4 — f_ > 1. From A; =0 for t > ¢ we get:

(F) the forward recursion

Grip, = —(=1)"1%lpmacs 37 (—1)=1Clpee Gy,
C#AC
whose right-hand side involves only Giys_,...,Giig, —1;
(B) likewise G4 p_ is determined by Giyg_41,...,Giyg, -

Let the state be x; := (Gyg_,...,Gryp —1) € WE and let ¥ := {x; : t > c}, a finite set.
By (F), x¢4+1 is determined by x;, so U(x¢) := x;4+1 is a well-defined map ¥ — ¥; by (B) it is
injective on ¥. An injective self-map of a finite set is a bijection, so (x¢)>. is purely periodic:
there is ¢ > 1 with x;44, = x; for all ¢ > ¢. Reading off the first component, G;, = G; for
t > c+ f_, that is G(z + qu) = G(z) whenever t(z) > ¢+ f_. If A =0, take instead the finite
set Xan := {x; : t € Z}. Both recursions hold at every integer ¢, so the same argument makes the
forward map a permutation of ¥,). A positive power ¢ of this permutation is the identity, giving
Git1q = Gy for every t € Z. Thus G has the two independent periods qu and kv. O

Proposition 8.9 (The first half-plane). Let 9: Z? — F, with 9 = Y™, 9;, m > 2, where 9;
has period h; = k;v; with v; primitive and the v; pairwise non-parallel. Let R be a lattice-convex
region on which ¥ is fully periodic, with vectors a,b, and put K := Kgr. Then
(a) a,b e K and dim K = 2;
(b) for each i exactly one of the following holds:
(a) the line Rv; meets int K, and then 9; is doubly periodic;
(B) otherwise there are o; € {+,—} and t; € Z such that K C {o;m; > 0} and ¥; is fully
periodic on the half-plane U; := {oym; > t;};
(¢) if ¥ is non-periodic and no component is doubly periodic, then K is a closed sector of
opening strictly between 0 and m, and its interior contains no £v;. In particular K cannot
be a half-plane.

Proof. Step 1 (global extension). By Lemma 8.2, a,b € K, dimK =2, g:=a+ b € int K, and
there is a doubly periodic ¢ with J = ¥ on R and Per(d) of finite index. Choose Ny > 1 with
NoZ? C Per(&) and put H; := Noh;. Pick xog € Cg, so that g + K C Ck.
Step 2 (differencing). Fix i and put Q; := Hj#(THJ' — 1), with formal exponent set & =
{Hc : C C[m]\ {i}} and the expansion (0.2). If z + & C R, then
Q=)= > ()" NI+ He) = d(z) - (1 - 1) =0,
CCm\{i}

because every H¢ lies in Per(¢). On the other hand H; is a period of 9}, so Q;¥; = 0 for j # 1,
and therefore

D; = Q;¥; = Q;9 vanishes on R} :={z: 2+ & C R}.
Put ¢ :=Noeg, (Cr — €). Then R} = C'NZ% and €’ D yo + K where yo := zg + N'g with N’
large: indeed for 2 € yo+ K and e € &; one has x —xg+e= N'g+ e+ (x — yg) € K, because
Ng+ecK.
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Step 3 (saturation along v;). D; has period h;, so D; vanishes on Sat; := {z : (z + Zh;) N R} #
&}. There are two cases.

(o) Ru; Nint K # @. Then v; or —v; lies in int K, so for any z the point z 4+ nh; enters yo + K
as n — 400 or as n — —oo; hence Sat; = Z? and D; = 0. Apply Lemma 8.8 in its whole-plane
case to the basis (v;, u;), the hypothesis t(H;) = Ny det(v;, hj) # 0 holding because the directions
are pairwise non-parallel: ¥; is doubly periodic.

(8) Rv;Nint K = @. A convex set and a line missing its interior can be separated, so K lies in
one of the two closed half-planes bounded by Ruv;; choose o; with K C {o;m; > 0}. For the vector
g € int K of Step 1 put a; := o;m;(g) > 0. Choose &; > 0 so small that g + g;u; € K. For every
7 > 0, the two points (g + &;v;) lie in K N {o;m; = 7}, so this slice contains a segment parallel
to v; of length 2¢;7|v;|/a;. Choose ¢; > 0 with 2e;¢;|v;|/a; > |hi|. If oymi(2 — yo) > ¢, then

(z+Rovy) N (yo + K) = yo + (K N {oym = oymi(z — yo)})

contains a segment of length > |h;| and hence a point of z 4+ Zh;, these points being spaced
|h;| apart along that line; so z € Sat,;. Therefore D; vanishes on the half-plane {o;m; > t} with
t := [¢; + oimi(yo)]. Apply Lemma 8.8 to the basis (v;, o5u;), for which ¢(z) = o;m(2) and
t(H;) = 0Ny det(v;, hj) # 0: the field ¥; is fully periodic on U; := {oym; > t;} with the integer
t; :=t + B_. The choice of o; also gives K C {o;m; > 0}, as required in (b).

Step 4 (part (c)). Suppose ¥ is non-periodic and no component is doubly periodic. Then
case («) occurs for no i, that is, no line Rv; meets int K. Now K is a closed convex cone with
dim K = 2. If K were a half-plane, at most one line Rv; could lie on its boundary and all the
others would fall into case (), a contradiction; and K = R? is excluded in the same way. A
closed convex cone of dimension two in the plane is either the whole plane, a half-plane, or a
closed sector of opening strictly between 0 and . Thus K is such a sector, and its interior
contains no +vj. ]

Corollary 8.10 (Theorem 8.1(i)). Let ¥ and R be as in Theorem 8.7, let p > max.A be a
prime, and let ¥ =), Y; be the decomposition of Lemma 8.5, with the h; pairwise non-parallel.
Let I be the indices of the components that are not doubly periodic and let B be the sum of
all the other components, so B is doubly periodic. Since ¥ is non-periodic, |I| > 2: if I were
empty then ¥ = B would be doubly periodic, and if I had one element then a common period
of that component and B along its direction would be a period of ¥. For each i € I, case ()
of Proposition 8.9 is impossible. Part (b) therefore gives a half-plane U; = {o;m; > t;} of full
periodicity and Kr C {o;m; > 0}. Choose ig € I, set G;, = 1§,;0 + B, and set G; := 9; for
i€ I\{ip}. The field G;, has a non-zero period along h;,, obtained by taking a suitable multiple
in Per(B), and is fully periodic on U;,: there it agrees with the sum of B and the doubly periodic
extension of 151-0](]1.0 from Lemma 8.2. It is not doubly periodic, since subtracting B would then

make U;, doubly periodic. Thus ¥ =) ,c; G;, no component is doubly periodic, and their periods
are pairwise non-parallel. Retaining the primitive directions and renaming the period multiples if
necessary, every Gy is fully periodic on U;, with Kr C {o;m; > 0}. The cone Kg has dimension
two and is a closed sector of opening < m whose interior contains no remaining component
direction, by Proposition 8.9(a),(c) applied to this decomposition.

Remark 8.11. (1) Proposition 8.9 is the one-sided version of Lemma 4.1 of §4 — the support
of fi = Qin lies in a strip — and Lemma 8.8 is the general form of step (6) of Lemma D.7. (2)
In Proposition 8.9(b) neither the non-periodicity of ¥ nor the minimality of the decomposition
is required. The corollary absorbs all doubly periodic components, including any that fall into

case ().
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8.4. The second half-plane. This subsection proves Theorem 8.1(ii), in three steps. Proposi-
tion 8.14 uses Theorem D.1 to show that, when 1 is pushed to the limit along a suitable direction,
every subsequential limit on the far side of one component is doubly periodic. Lemma 8.16 shows
that this forces the component to agree with a doubly periodic field on a half-plane on that
side, the point of the argument being that there are only finitely many such limits. Lemma 8.15
guarantees that the directions required can always be found, in a fixed order, so that an induction
produces all of the V;.

Theorem 8.12 (The second half-plane). In the notation of Corollary 8.10, for every i € I there
is a half-plane V; with V; N U; = @ such that G|y, is fully periodic.

The proof is at the end of the subsection. By step () of Lemma 8.17, every half-plane of full
periodicity of an h;-periodic field that is not doubly periodic is bounded by a line parallel to
hi; so such a V; necessarily lies on the side of U; opposite to U;, and shrinking either U; or V;
destroys nothing.

Lemma 8.13 (Bi-periodicity over IF,). Let G: 72 — F), have a non-zero period h, let d € 72 be
non-parallel to h, and suppose g := (T% — 1)G is doubly periodic. Then G is doubly periodic.

Proof. Choose M > 1 with Md € Per(g). From TM? —1 = ("M 1T (T4 — 1) we get

1=

g = (TM4 - 1)G = "M 1 7ig, and TMey = 3, T TMdg = ¢/, Hence

p—1
(TpMd —1)G = (Z TiMd)g/ —pg =0,
i=0
so pMd is a period of G, and it is independent of h. O
Safe directions. In the notation of Corollary 8.10, whenever o; = — replace (v;,u;, h;) by

(—vj, —uj, —h;). This preserves h; = kjv; with k; > 1 and det(v;,u;) = 1, and gives 0; = +
throughout, that is U; = {m; > t;}. For j € I let KC; be the set of half-planes on which G; is
so far known to be fully periodic: initially /C; = {U;}, and a half-plane V; disjoint from Uj is
added to K; as soon as it has been produced. For ‘H € K; write é;" for the global extension of
G|y furnished by Lemma 8.2. Fix N > 1 divisible by all the k; and such that NZ? is contained
in the period lattice of every C:’;{ For a non-zero d € NZ? say that d fizes j if d || h; — then
d € Zkjvj and TG = G; — and that d is safe for j if there is H = {rm; > t} € K;, 7 € {+, -},
with 7m;(d) > 0. If d is safe for j then T”de — C:‘;i pointwise as n — 0o, the convergence

being eventual equality at each point: for a fixed z and large n one has z + nd € H, whence
Gj(z +nd) = G¥(z + nd) = G} (2).

Proposition 8.14 (Two-component limits). Let b,c € I with b # ¢, let d € NZ? fix c, let
my(d) < 0, and let d be safe for every j € I\ {b,c}. Let ny < ng < --- be such that T"?G,,
converges pointwise — such a sequence exists by compactness of IF%Q — and write Gy° for the
limit. Then G° is doubly periodic.

Proof. By the preceding paragraph T™% — = := G.+ B + Gp° pointwise, where B :=
D itbe é;ij is doubly periodic. Since X¢ is closed, = € X¢, so P=(S) < Py(S) < |S]. Choose
b, € (Per(B) N Zh¢) \ {0}; then 6y := G. + B has period h/, and 0y := G}° has period h; (a
pointwise limit of translates keeps the period), and k., }f hy. Theorem D.1 supplies a non-zero
period dy of = = 01 + 0. There are three cases.
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(i) do is parallel to neither hy nor h.. Then g := (T% —1); = —(T% — 1)f has both h., and
hy as periods, hence is doubly periodic; Lemma 8.13, applied to 61 with dg }f h., makes 6; doubly
periodic, so G. = 01 — B is doubly periodic, contradicting Corollary 8.10.

(ZZ) Cl() H hb. Pick d1 S (Zdo N Zhb) \ {0} From Td15 == and Td192 = 92 we get Td101 = 91;
as dy Jf h., 61 is doubly periodic and we conclude as in (i).

(iii) do || he. Pick dy € (Zdo N ZAL) \ {0}. From T4, = 0; and THE = = we get T%0; = 0s;
as dy Jf hy, the field 02 = G}° is doubly periodic. O

Lemma 8.15 (Available directions). Let O C I be the set of components for which no V; has
yet been produced, O # &, and let N be chosen as above. Then there are b € O, c € I\ {b} and
d € NZ? satisfying all the hypotheses of Proposition 8.14.

Proof. It O = {b}, take any ¢ # b and d := T Nh, with 7 € {4, —} chosen so that m,(7h.) < 0;
this is possible because h¢ [f hy, so m(he) # 0. For j # b,c we have j ¢ O, so K; = {U;,V;}
contains a half-plane on each side of 7;, and 7;(d) # 0; hence d is safe for j.

If |O] > 2, put Ko := jep{m; > 0}. By Corollary 8.10 we have Kr C {m; > 0} for every
j € 0, s0 Ko O Kr and dim Kp = 2. Being the intersection of |O| > 2 closed half-planes
through the origin with pairwise distinct boundary lines Rv;, the cone Ko is a closed sector of
opening < w. At each non-zero boundary point at least one defining inequality is an equality;
otherwise all are strict and the point is interior. Consequently its two boundary rays lie on two
of the lines Rov,, Rup, with a,b € O, a # b. Also int Ko C {m; > 0} for j € O contains no +v;
with j € O. Write r C Ry, and 7" C Ruy, for the two boundary rays, oriented so that turning
anticlockwise from r to 1’ sweeps exactly Ko. Among the 2m rays {£v; : j € I}, let . = ecv,
(ce I, e. € {+,—}) be the first one met when turning anticlockwise from /. It exists, and ¢ # b
with Z(r',r.) < m: the angle from 7" anticlockwise to —r equals m — Z(r,r") <7 = Z(r',—7r"), so
—r occurs before —r’. (The index ¢ may lie in O, and may equal a.) Put d := e.Nhe.

We verify the hypotheses. (1) d fixes ¢. (2) The interior of the sector @ := cone(r’, r.) contains
none of the rays +vj, since r. is the first after +/, and its boundary rays are ' C Ruv, and
re C Ro.. For j € O\ {b,c} the line Rv; misses @ \ {0}, so 7; has constant sign on @ \ {0};
as ' C Ko C {m; > 0} and r’ ¢ Ruj, that sign is positive, and in particular m;(d) > 0, so d is
safe for j (using U; € Kj). (3) Q is adjacent to Ko along ' and crosses the line Ry, because
Z(r',r.) < m; hence Q C {m, < 0}, and since r. ¢ Ru, we get m(d) < 0. (4) For j ¢ O with
J # ¢ we have K; = {U;,V;} and 7j(d) # 0, so d is safe for j. O

Lemma 8.16 (Propagation). Let G: Z* — F), have period kv with v primitive and k > 1, let
(v,u) be a basis of Z* with det(v,u) = 1 and put m := det(v,-). Let d € Z? satisfy 6 := —m(d) > 0.
If every subsequential limit of the sequence (T"dG)nzl is doubly periodic, then there are 5 € Z
and a doubly periodic field 0, with G = 0, on {m < }.

Proof. Let  be the set of limit points of the sequence: y € Q if and only if TG — y pointwise
for some n; < ne < ---. By compactness of IF‘?, Q # @; it is closed; and T9Q = T—9Q = Q,
since replacing the indices n; by ni £ 1 does not affect the existence of a subsequential limit.
Every element of © has period kv, each TG having it and pointwise limits keeping it, and is
doubly periodic by hypothesis. Call {m =t} the ¢t-th row and put By := {sv +tu : |s|, [t| < W}.
Two fields of period kv that agree at k& consecutive lattice points of a row agree on the whole
row; so agreement on By with W > k implies agreement on the rows —W to W. For a doubly
periodic y of period kv set

Tr(y) := min{7(\) : X € Per(y), ©(A\) > 0},
which is defined because Per(y) has finite index.
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Step 1: Q is finite. First, {y € Q : Tr(y) < P} is finite for every P. Indeed take A € Per(y) with
7(A) = Tr(y); subtracting a multiple of kv we may assume A = s'v + Tr(y) u with 0 < s’ < k. For
any z write 7(z) = mTr(y) +r with 0 < r < Tr(y); then y(z) = y(z — mA) and 7(z — mA) = r.
So y is determined by A together with the values of y on {sv +tu:0<s <k, 0<t< Tr(y)},
and there are only finitely many such data.

Suppose ) were infinite. Then there are y,, € Q with Tr(y,,) — co; passing to a subsequence,
yn — 0 € Q. Now 6 is doubly periodic; put P := Tr(f) and choose w € Per(0) with 7(w) = P.
From y, — 6 we may choose W,, — oo with y,, = 6 on By, , hence, once W,, > k, on the rows
—W,, to W,.

Call the t-th row w-good for y,, if yn(z + @) = yn(z) for every z with 7(z) = ¢. The rows —W,,
to W,, — P are w-good: both z and z + w lie in rows where y,, and 6 agree, and (z + w) = 0(z).
Let J,, be the largest integer interval containing [—W,,, W,, — P] and consisting of w-good rows.
If J, = Z then w € Per(y,) and Tr(y,) < P, contradicting Tr(y,) — oo for large n. So
Jn = [an, by| has at least one finite endpoint; passing to a subsequence we may assume a,, finite
for every n, the case of finite b, being symmetric (replace 79 below by T~9% and {7 > §} by
{m < —4}). Then a,, < —W,, and the row a,, — 1 is not w-good: there is z, with 7(z,) = a, — 1
and Y, (2n + @) # Yn(2n)-

Put g, := [—an/8§] > 1, so that 7, := an + ¢, € [0,0), and put v, := T, € Q. Since
(2 + gnd) = 7(2) — qn0, the t-th row is w-good for y!, exactly when the row t — ¢, is w-good
for y,. Hence the rows r, to b, + ¢,0 are w-good for y,, where b,, + ¢,0 > (W,, — P) + (—a,) >
2W,, — P — oo, while the row 7, — 1 is not: the point 2], := z,, — q,d satisfies w(2],) = r,, — 1 and
yh (2l + @) # yl(2],). Using the kv-periodicity, translate 2], along v into {sv +tu: 0 < s < k};
this yields a point 2]/ of the finite set F := {sv +tu : 0 < s < k, —1 <t < § — 2} with
yn (2l 4+ w) # y,,(2)). Passing to a further subsequence we may assume z!! = z, and r,, = r,
constant and y), — y € Q, Q being closed.

Then: (i) y(z + @) = y(z) whenever m(z) > § — for large n one has r, < J — 1 < 7w(z) <
b, + qnd, so the row m(z) is w-good for y,, and one lets n — oo; and (ii) y(z« + @) # y(2«), the
two values lying in the finite set IF,, and converging, so that the inequality survives in the limit.
But y € Q is doubly periodic: taking A € Per(y) with 7(A) > 0 and M with 7w(z, + MA) > 6,
part (i) gives

Y(ze + @) = y(2e + @ + MA) = y(z + MA) = y(2:),
contradicting (ii). So 2 is finite.

Step 2: eventual agreement. Put A := (,cq Per(y), of finite index, and choose N’ > 1 with
N'Z? C A; every element of Q then has period N'u. Put W := max(k, N’ + §).

(a) For all large n the field T"G agrees on By with some element of . Otherwise there are
ny < ng < --- with T"4G|g,, outside the finite set {y|p,, : y € Q}; passing to a convergent
subsequence with limit y € Q gives TG Bw = Y|B,, for large k, a contradiction. For such n
choose y(™ € Q with TG = y(™ on By, hence, W > k, on the rows —W to W.

(b) Let n > ng be such n. For w(z) € [-W + ¢, W] one has 7(z + d) € [-W, W], so

y "D (2) = (TUHG) (2) = (TMG) (2 + d) =y (2 + d) = (T (2).
Thus T%™ and y™*+Y agree on 2W — & +1 > N’ consecutive entire rows. Both lie in €, since

TQ = Q, and both have period N’u; any row can be translated by a multiple of N'u into those
N’ consecutive rows, so the two fields agree everywhere: T9(") = y(n+1),

(¢) Hence y(™ = TM=n0)dy(m0) for n > ny. For w(w) € [-nd — W, —nd + W] one has
m(w —nd) € [-W, W], so

G(w) = (T™G)(w — nd) = y™ (w — nd) = y(”o)(w —nd+ (n—ng)d) = (T_"Ody("o))(w).
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As n runs over the integers > ng, the row intervals [—nd — W, —nd + W] cover (—oo, —nod + W],
consecutive intervals overlapping because 2W > §. Take 6, := T 0% (") which is doubly
periodic, and 8 := —ngd + W. O

Proof of Theorem 8.12. Induct, starting from O := I, the set of components for which no V;
has yet been produced. While O # &, choose N as in the paragraph on safe directions — it
depends on the current K; — and take b € O, ¢ and d as in Lemma 8.15. By Proposition 8.14
every subsequential limit of (7™?G}),>1 is doubly periodic, so Lemma 8.16, applied to G := Gy,
v := vy, u := up and this d (for which m(d) < 0), yields 8 and a doubly periodic 6, with G}, = 0,
on {m, < B}. Put V, := {m, < min(B,t, —1)}. Then V;, N U, = @ and G|y, is fully periodic,
with the periods kyv, and any A € Per(6.) with m(A) < 0, neither of which leaves V;,. Add V} to
Kp and remove b from O. Each step decreases |O| by one, so after |I| steps O = @ and every
component has the required V;. (|

8.5. Normalisation.

Lemma 8.17 (Normalisation). Let 0: Z* — F,, be non-periodic and suppose 0 = 31" | G;, where
each G;: 7% — F, has a non-zero period h; and there are disjoint half-planes U;, V; on which G;
1s fully periodic. Then 0 is a star configuration.

Call a family (G;, hi,U;, Vi)™, with these properties an admissible decomposition of 6, of
length m. Since 6 is non-periodic, every admissible decomposition has m > 2: for m = 1 we
would have § = G periodic.

Proof. Step (v): alignment of the components that are not doubly periodic. Let G have a non-zero
period h, not be doubly periodic, and be fully periodic on disjoint half-planes U with normal n
and V with normal n’. Claim: (h,n) = 0. Let G be the global extension of G|y from Lemma 8.2
and put I'y := Per(é), of finite index. Suppose (h,n) # 0; replacing h by —h we may assume
(h,n) > 0. For z € U we have z +h € U, so G(z+ h) = G(z + h) = G(z) = G(2): the
I'y-periodic function G (++h)— G vanishes on U. But a I'y-periodic function vanishing on a
half-plane vanishes everywhere: I';y contains some N’Z? and hence a vector g with (g,n) > 0,
and any z is translated into U by z 4+ Ng for N large. So G has period h. Now for any z pick
N with z 4+ Nh € U: then G(2) = G(z + Nh) = G(z + Nh) = G(z), that is G = G is doubly
periodic, a contradiction.

Hence n L h. Write h = kv with v primitive and k£ > 1, after changing the sign of h if
necessary, and put 7 = det(v,-). Since vt = (—wvg,v1) satisfies (z,v) = 7(z) and n || v, we
have (z,n) = k7(z) for some K € R*, so U is either {m < ¢} or {w > r} with ¢,r € Z. The
same applies to V. If U and V were both of the type {m < -}, or both of the type {m > -},
they would intersect; so one is {m < £} and the other is {w > r}, and disjointness says exactly
¢ <r+1. Taking L, R to be the global extensions of G on these two half-planes, G satisfies (S1)
with period kv, (S2), and (S3).

Operation A: absorbing a doubly periodic component. Suppose G; is doubly periodic and
m > 2; pick k # 4. Since Per(G;) has finite index, Per(G;) N Zhy, contains some h) # 0, and
G}, := Gj, + G, has period hj. On Uy, we have G}, = Gj, + G; by Lemma 8.2, the restriction of a
doubly periodic field, hence fully periodic; likewise on Vj. Deleting G; and replacing Gj, by G,
gives an admissible decomposition of length m — 1.

Operation C: merging parallel components. Suppose G;, G with i # k are both not doubly
periodic and h; || hig. By Step () there is a primitive v with h; = +k;v, hy = £kgv, and
{UZ,VZ} = {{7‘(’ < &}, {71' > T'i}}, {Uk,Vk} = {{71’ < gk},{ﬂ' > Tk}}, where m = det(v, )
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Then G; + Gy has period lem(k;, ki) v, equals L; + Ly on {m < min(4;, ¢)} and R; + Ry, on
{m > max(r;, ry)}, both restrictions of doubly periodic fields and hence fully periodic; and these
two half-planes are disjoint, since min(¢;, £) < ¢; < r; + 1 < max(r;, ;) + 1. Merging gives an
admissible decomposition of length m — 1.

Termination and conclusion. Starting from the given admissible decomposition, repeat: if
some component is doubly periodic, apply Operation A; otherwise, if some pair is parallel, apply
Operation C. Each step strictly decreases the length, so the process terminates. At termination
no component is doubly periodic, the periods are pairwise non-parallel, and m > 2. By Step (7)
every component satisfies (S1)—(S3) and the primitive directions v; are pairwise non-parallel. So
0 is a star configuration. O

8.6. The convex Nivat conjecture.

Theorem 8.18 (Convex Nivat conjecture). Let £: Z? — A with A finite, and suppose there is a
non-empty finite lattice-convex S with Pe(S) < |S|. Then & is periodic.

Proof. Suppose the conjecture has a counterexample. Embed the alphabet into Z~y by an
injective encoding, which changes neither the number of patterns nor periodicity, and use
Remark 8.3 to choose a counterexample of minimal ord, still written &; it is non-periodic and
has low convex complexity.

(0) The annihilator. Theorem 8.4 supplies pairwise non-parallel hy, ..., Ay, and ¢ = [];(X" —
1) annihilating &; we may take m = ord(§).

(1) The region. Theorem 8.6 supplies £, and Theorem 8.7 a non-periodic ¥ € X¢ together with
a lattice-convex region R on which ¢ is fully periodic.

(2) The decomposition. Take any prime p > max .A; then Lemma 8.5 gives ¥ = 3_, 9; over F,,
with each 9; of period h;, the directions being pairwise distinct.

(3) The first half-plane. Corollary 8.10 gives ¥ = 3,7 G; with |I| > 2, no component doubly
periodic, pairwise non-parallel periods, and each G; fully periodic on U;.

(4) The second half-plane. Theorem 8.12 gives half-planes V; disjoint from U; with G;ly; fully
periodic. At this point the whole of Theorem 8.1 holds.

(5) The complezity does not increase. Since A C [p], reading the values of ¥ in F,, merges no
colours: as an IF,-valued configuration, ¥ has the same pattern set and the same periodicity as it
has as an A-valued one. Every finite-window pattern of a configuration in X¢ is a pattern of £, a
limit in the product topology agreeing with some translate on any finite window. Hence

By(S) < Pe(S) < |5]. (8.1)

(6) Normalisation. ¥ is non-periodic, ¥ = >,c; G over F,, with each G; of period h; and fully
periodic on the disjoint half-planes U;, V;. By Lemma 8.17, 9 is a star configuration.

(7) Contradiction. By Theorem 7.3, Py(S) > |S| + 1, contradicting (8.1). O

Corollary 8.19 (Nivat’s conjecture). If P¢([1,n] x [1,k]) < nk for some n,k > 1, then & is
periodic. (A rectangle is lattice-conver.)
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APPENDIX A. SKELETON OF THE PROOF

§1 da: DI, #0 = Theorem 7.3 at once, no convexity needed;
otherwise DI, = 0 and Dn = 0.

§2 A; = exceptional spectrum, A = []; A;(T"), Z = Newt(A);
f(T)n=const = A| f = dimUg > |S| — |Rz(S)| + 1.

§3 Ae agrees on adjacent realised sectors = Aeg = b, doubly periodic, all H;-invariant.
§4 fi = Qin # 0 and transversally bounded = 3d: J(d,-) = D,[n(z)n(z + d)] # 0.
§ A(Ty)J = A(T.T;')J =0; R/(a,c)spanned by Y4=% = de (Z - Z)NZ2

§6 (Z-2)NZ?*=(ZNZ?)—(ZNZ*) = d=q — q, q0,q1 € Z.

§7 |Rz(S)| quadratic observables independent modulo Us = Fy(S) > |S| + 1.

§8 [11]’[2] Prop. 8.9 U@ Thm. 8.12 V.Z Lem. 8.17

Thm. 7.3 . .
2 7% convex Nivat = Nivat.

star configuration

Dependencies: §§0-7 are self-contained, using only the standard facts that C[T*] is a unique
factorisation domain, Newton-polygon additivity (Ostrowski), the Chinese remainder theorem,
the Nullstellensatz, and the existence of unimodular triangulations of lattice polygons. The
external inputs to §8 are Kari and Szabados [11] and Colle [2] only: the first supplies the
annihilator and the periodic decomposition, the second a line both of whose directions are
one-sided nonexpansive ([2, Theorem 1.9]) and a non-periodic configuration in the orbit closure
that is fully periodic on a region (the proof of [2, Lemma 4.6]). The F, and convex form of
Szabados’ theorem, used by Proposition 8.14, is proved in Appendix D.

APPENDIX B. INDEPENDENT EDGE-INCREMENT RESULTS, NOT PART OF THE PROOF CHAIN

Before the argument of §§0-8 took its present form, the same question was approached along
a different route, by comparing Py(S) with Py(S \ E) for an edge E of the polygon Conv(S) and
controlling the increment through the combinatorics of the edge directions of Conv(S) against
the directions v;. That route produced a number of statements of independent interest: an
exact identity for the lattice width of Conv(S) in a given direction in terms of its edge data, a
divisibility relation between the determinants of three consecutive edge directions, a propagation
principle for sums of functions each of which depends on a single one of the projections m;
and which vanish on enough consecutive layers, a description of the periods surviving after
repeated differencing, a count of the far-field patterns along an edge, and lower bounds of the
form Py(S) — Py(S \ E) > 2 for short edges and of the form Py(S) — Pyp(S \ E) > (a row-length
quantity) in general. None of them is used above, their proofs are not reproduced here, and the
notation they require is not set up in this paper; they will be treated separately. Nothing in
§§0-8 depends on any of them.

APPENDIX C. NUMERICAL VERIFICATION

The scripts are star.py (construction, enumeration and all checks), verify.py and
verify2.py (the two randomised experiments), and lemma31.py (the counterexample of §C.3).
They depend only on numpy and are supplied as ancillary files together with their output for the
stated seeds. The reported experimental values are read from that output; the supplementary
exact checks described below are included with the source material. The latter include
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check_case_support.py, check_periods_and_spectra.py, and check_encodings.py; their
locations and saved results are listed in the accompanying BUILD.md.

C.1. Method.

Configurations. Each component is specified by a primitive direction v;, a tangential
period k;, an arbitrary value table on the transition strip [¢;, 7;], and left and right tails
L;, R; given, in the basis (v;, u;) of §0.3, as doubly periodic tables in (¢t mod a, s mod k;).
Axioms (S1) and (S3) hold by construction. Axiom (S2) is decided exactly: F; is doubly
periodic if and only if it coincides with the global extension of its left tail (a doubly
periodic function vanishing on a half-plane vanishes identically), and that coincidence is
tested on the strip and on one full period beyond it. With M the least common multiple
of all the k; and of all the tail period indices, the lattice I" of §0.3 contains M 72, and the
program uses H; = Mk;v;; by Remark 1.4 this choice, which need not be the minimal
one, does not affect the Case A/Case B decision, and it does not affect A; either, since
refining the period only adds zero Fourier coefficients.

Pattern counts. The S-patterns are enumerated at all anchors of the square box of radius
R =90 and again of radius R = 180. The entries labelled Py(S) below are these observed
counts, hence lower bounds for the global complexity. The two counts agreed on every
reported window, but this agreement alone does not certify exhaustiveness: that would
require covering the strip crossings and all periodic phase classes outside them, with the
window offsets included.

Deciding the case. DI, is computed on the box of radius 40 from the formal expansion
(0.1). A non-zero value certifies Case A; an all-zero result only suggests Case B unless
the box covers the support. For the reported configurations, the case assignments were
additionally confirmed on boxes containing all pairwise intersections of the strips

o . < s < r.— mi ) .
¢; Crréa[:rcl] mi(He) < mi(2) <y Crgl[rri] mi(He)

The strip argument of Lemma 1.1, with W = {0}, places the entire support of every DI,
inside this union.

Spectrum and zonotope. The fields Eli and G;° are built as in §2.1; for each difference
field d; g,eq a length-x; DFT is taken row by row over all rows within 2M 4 2 of the
strip (outside the strip the rows repeat with period M). Frequencies with coefficient of
modulus above 1079 give numerical estimates of A;, d; and Z. For all 570 components in
the two experiments, the frequency sets were also checked exactly by reducing the integer
row polynomials modulo the appropriate cyclotomic polynomials; every set agreed with
the DFT output. The set Rz(S) is decided by testing whether all subset sums of the
d;v;, translated by r, lie in Conv(S).

Ranks. The encoding w is a random injection into {1,...,100}. Injectivity alone does
not imply the spectrum-preservation condition of Lemma 2.2; for the reported encodings
that condition was checked separately by exact cyclotomic remainders and held for all
570 components. The rank of the |£] x (|S| + 1) matrix (1, w('y(s))seg)veﬁ is computed

over F, with ¢ = 231 _ 1. The entries labelled dim Ug below are these modular ranks
of the sampled pattern matrices; they are lower bounds for the rational ranks on the
full pattern set. Meeting the lower bound in Lemma 2.5 is therefore sufficient to verify
that inequality for the sampled configuration. In Case B with Rz (S) # @ the matrix
is extended by the columns ®,(v) = w(vy(r + q)) w(y(r + g+ d)), r € Rz(S), of §7, and
the rank Ha(S) of the extended matrix is compared with dim Us + |Rz(S)| (Lemma 7.2)
and with |S| 4 1 (Theorem 7.3).
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e Witness and background. In Case B, for every non-zero d € (Z — Z) N Z?* the function
J(d,-) is computed on the box of radius 40 and the non-zero instances are collected
(Proposition 5.3); the first of them, with a ¢ as in Corollary 6.2, is the pair (d, q) used
for the ®,.. The polynomial A is built with complex coefficients from the A;, and Aey is
checked to be MZ2-periodic on the box (Proposition 3.3).

C.2. Results. Experiment 1 (script verify.py, seed 1). We generated 84 random star
configurations with p € {2,3,5}, m € {2,3}, directions drawn without repetition from the 8
primitive vectors (1,0),(0,1), (1,+1), (1,+2),(2,£1), k; € {1,2,3}, tail periods of 1 or 2 rows,
strip widths 1 to 3 with ¢; € {—1,0,1}, all tables uniformly random over F, subject to (52);
component 1 has independently drawn left and right tails, the other components have L; = R;.
Windows: the 2 x 3, 3 x 3, 2 x 4 and 4 x 2 rectangles, the 6-point triangle with vertices
(0,0),(2,0),(0,2), the 8-point hexagon with vertices (1,0),(2,0), (3,1),(2,2),(1,2),(0,1), the
5-point rhombus with vertices (0, 0), (1,1),(2,0), (1, —1), and the 3-point segment {0, 1,2} x {0}.
Result: 81 configurations in Case A and 3 in Case B; Py(S) > [S| + 1 held on all 8 windows of all
84 configurations. The three Case-B instances have d; € {3,6}, so Z is larger than every window
and Rz(S) = @ throughout; on them dim Ug was exactly |S| 4+ 1 on every window, with 192, 310
and 28 non-zero witnesses d found respectively, and the periodicity residual of Aey on the tested
box was at most 2 - 1071°. These are instances of Remark 2.6; Experiment 2 targets Rz(S) # @.
Experiment 2 (script verify2.py, seed 7). We generated 157 configurations of the form
> ;w; om;, so k; = 1 and constant tails: each w;: Z — F, takes a constant value ¢; outside
a window of length 1 to 4 and arbitrary values inside it, with L; = R; = ¢;; p € {2,3,5},
m = 2 with probability 0.7 and m = 3 with probability 0.3, directions drawn from the 11
primitive vectors (1,0),(0,1), (1,£1),(1,£2),(2,£1),(1,+£3),(3,1). Windows: the 3 x 4, 4 x 4,
5 x 3 and 4 x 3 rectangles, the 15-point triangle with vertices (0,0), (4,0),(0,4), the 17-point
hexagon with vertices (1,0),(3,0), (4,2),(3,4),(1,4),(0,2), the 13-point rhombus with vertices
(0,0),(2,2),(4,0),(2,—2), and the 12-point parallelogram with vertices (0,0), (3,0), (5,2),(2,2).
Result: 128 in Case A and 29 in Case B, all with d; = 1; Py(S) > |S| + 1 held on all 8 windows
of all 157 configurations, and every check listed in §C.1 passed on every Case-B instance. Of the
29 Case-B configurations, 14 have Rz (S) # @ for at least one window, giving 35 configuration—
window pairs with Rz(S5) # @ and |Rz(S5)| € {1,2, 3,4, 5}; all 35 have m = 2 (no Case-B instance
with m = 3 and Rz(S) # @ was produced by this generator). Representative rows of the output:

p directions S S| Po(S) di |Rz(S)| dimUg |S|+1—|Rz(S)| Ha(S) d

3 (1,2),(1,0) 4x4 16 35 (1,1) 4 13 13 17 (~1,-1)
3 (1,2),(1,0) hexagon 17 37 (1,1) 5 13 13 18 (=1,-1)
3 (1,2),(1,-2) hexagon 17 45 (1,1) 3 15 15 18 (=1,-1)
5 (1,-3),(1,0) 4x4 16 37 (1,1) 2 15 15 17 (-1,1)
2 (2,-1),(1,2) hexagon 17 41 (1,1) 2 16 16 18 (=2,0)
5 (2,1),(1,2) 4x4 16 54 (1,1) 1 16 16 17 (~2,-2)

On all 35 pairs with Rz(S) # @, the sampled base matrix had modular rank S|+ 1 — |Rz(95)|,
and the extended matrix had modular rank H(S) = |S| + 1. Thus their rank difference was
exactly |Rz(S)|, matching the dimension comparison in §7. These numerical equalities alone do
not identify the full rational space of affine relations. On the 116 two-component configurations
of Experiment 2 the criterion of Observation C.1 below agreed with the computed case in all 116
instances, and the Case-B direction pairs had |det(v1, v2)| € {2,3,4,5,6,7,10}.

Observation C.1 (A criterion for Case B when m = 2). Suppose m = 2 and both components
satisfy L; = R;; write §; = F; — L; for the deviation field, supported in strip ¢. Replace H; by a
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sufficiently large multiple, which by Remark 1.4 does not change the Case A/Case B decision, and
expand the four-point template {z, z + Hy,z + Ho,z + Hy + Ha} at an anchor z: §; is constant
along the Hi-pairs and dy along the Ha-pairs, so Deg(z) = 0 if and only if at least one of the two
pairs of constants agrees. Hence Case B holds if and only if supp §; N supp do = &, that is, no
point is deviated by both components at once. In particular, when k; = 1, the tails are constant
and equal, and |det(vy,ve)| = 1, one is always in Case A: the map (w1, m2): Z% — Z? is then
surjective and the two deviation sets must meet. Under these additional hypotheses, Case B
occurs only for | det | > 2. The sample of Experiment 2 was generated at random and then sorted
by the numerical test; the criterion explains why Case B appeared only on direction pairs with
|det| > 2.

C.3. A counterexample to the generalisation of Lemma 3.1. (lemma31.py.) Take p =2,
m =3, vy = (1,0), va = (0,—1), v3 = (1,—1). Tails: L; =0 and Ry = W[z even]; Ly = L3 =0
and Ro = R3 = ¥[3 | z]; the transition strip of each component is constant 1, of width 1. Here
ma(v1) = m3(v1) =1 > 0,80 Bf = R+ R3 = 0 and B] = Ly + L3 = 0, and the program
computes A; = {£1} (with x; = 12 and frequencies {0,6}), so that A;(T%') = T?"t — 1.

e For the pairs of realised sectors adjacent along the rays +vq, namely (Ry, Ro, R3) with
(L1, Ra, R3) and (Ry, Lo, L3) with (Lj, Lo, L3): the difference after applying A (T"*) is
0, up to a floating-point error of 1.3 - 10716, for both colours.

e For the mixed choice (Ry, Ra, L3) against (L1, Ro, L3) — here B = Ro + L3 = W¥[3 | x|,
and the sign vector (4, +, —) corresponds to the cone {y >0, x >0, x +y < 0} = &,
which is not realised: the difference after applying A; (7"*) has maximum absolute value
2.

By hand: along the z-direction, Ay = W[Ry + B = 1] — W¥[L; + B = 1] takes the values
(-1,0,1,0,1,0) for x mod 6 = 0,...,5, whereas its translate by z — z + 2 is (1,0, 1,0, —1,0).
The two differ, so A; is not killed by T2 — 1: its spectrum contains cube roots of unity, and
those are not in Aj. This is why §3 can only assert that Ae is constant across the realised sectors,
where B = BY — and that is exactly, and only, what Lemma 3.2 needs.

APPENDIX D. THE [F,, AND CONVEX FORM OF SZABADOS’ THEOREM

This appendix proves in full the F, and convex version of a theorem of Szabados. Szabados
[17, Theorem 1] proved that a non-periodic sum of two Z-valued periodic configurations with
different period directions does not have low rectangular complexity; the convex generalisation is
[2, Theorem 1.7], and the F,, and convex version is stated, with a sketch, as [5, Theorem 2.8].
Theorem D.1 below is the latter, proved here in full. The proof follows Szabados [17] — pigeonhole,
balanced sets, and the one-dimensional Morse-Hedlund theorem — with two changes. The
coefficient ring is IF,,: the algebraic steps use addition, subtraction, equality and periodicity,
without division or a property specific to the characteristic. The window is an arbitrary lattice-
convex set instead of a rectangle: in Lemma D.5 one deletes, at each step, whichever of the
two extreme rows is the shorter. In addition, Lemma 3 of [17] rests on Lemma 39 of Kari and
Szabados [11]; we replace it by two self-contained arguments, Lemma D.3, which uses the explicit
shape of the annihilator, and step (6) of Lemma D.7, which uses the two-sided recursion supplied
by the generating property. Apart from the one-dimensional Morse-Hedlund theorem, nothing
external is quoted here.
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D.0. The statements.

Theorem D.1. Let p be a prime, let 01, 605: 7> — F), have periods h1,ho € 72\ {0} respectively,
with hy and he linearly independent over R, and put 0 = 61 + 6. If Py(S) < |S| for some
non-empty finite lattice-convex S, then 0 is periodic.

Corollary D.2. Let n: Z> — Fp, and let n = n1 +n2 be an Fy-minimal periodic decomposition,
of order 2 — that is, a decomposition into periodic Fy-configurations with as few summands as
possible, here two. Then n does not have low convex complexity.

Proof. Order 2 forces 11 to be non-periodic, a periodic configuration having a minimal decomposi-
tion of length 1, and it forces the two periods to point in different directions, components with
parallel periods being mergeable into one, against minimality. If 7 had low convex complexity,
Theorem D.1 would make it periodic, a contradiction. [l

D.1. Notation. Let u be the primitive vector in the direction of hi, so that h; = cju with
c1 > 1, and let 7 := det(u, -): Z? — Z, which is surjective. The rows are the fibres L; := 7= 1(¢);
neighbouring lattice points of a row differ by u. Put A := w(he) # 0 and, replacing hy by —ho
if necessary, assume A > 0. For integers a < b the strip Sta,b] ;== {v:a < w(v) < b}, of width
b — a, is the union of the rows L, ..., L, and is invariant under +u; we also set St[a,a — 1] := &.
For a non-empty finite F' C Z? put ht(F) := max7(F) — min7(F); F fits into St[a, b] if some
translate of it is contained there, that is if ht(F) < b — a. For a non-empty finite lattice-convex
F write By (F) := F N Lipaxrry and E_(F) := F'0 Ly (), the top and bottom rows; lattice
convexity makes every non-empty row of F' a run of consecutive lattice points.

For a finite F' C Z? write Pat(F,0) := {0|,.r : v € Z?}, the patterns being regarded
as functions w — 6(v + w) on F, so that Py(F) = |Pat(F,0)| in the notation of §0.2, with
Py(2) = 1; Xy is the orbit closure, so that every finite-window pattern of an = € Xy is a pattern
of . “x =0 on U” means z(v) = 0(v) for all v € U. Inside this appendix the letter D denotes
auxiliary finite sets and never the difference operator of §0.3, which does not occur here.

D.2. Two algebraic facts. For s € Z, the ho-periodicity of 0y gives
O(v + sha) — 0(v) = 01 (v + shg) — 01(v), which is hi-periodic in v. (D.1)

Consequently: if 7720, that is v — O(v + shz), agrees with 6 on a set F', then it agrees with 6
on F + Zh;.

Lemma D.3 (Periodicity on a strip implies periodicity). Suppose b —a > A and ¢ > 1, and
that 6(v + qu) = 6(v) for all v € St[a,b]. Then 0 has period qh.

Proof. The strip is invariant under +u, so 6(v + gh1) = 6(v) for v € St[a,b], applying the
hypothesis ¢; times. Put 1(v) := 0(v + gh1) — 0(v); since ; has period hy we have ¢ (v) =
02(v + qh1) — 02(v), so 1 has period hy, and 1) = 0 on St[a, b]. Write hg = ghl, with hf, primitive
and take any lattice line L = {vg + sh} : s € Z} in the direction hf. Then 1|}, is periodic in
s with period g, while 7(vy + sh) = w(vg) + s7(hf) runs through an arithmetic progression
of common difference w(hy) = A/g > 1; a closed interval [a,b] of length b —a > A =g - (A/g)
contains at least g of its terms, so L meets Stla,b] in at least g consecutive of its points. A
function of period g vanishing at g consecutive points vanishes identically, so ¢|;, = 0. As L was
arbitrary, ¥ = 0. (|
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D.3. Balanced sets.

Definition D.4. Let B be a non-empty finite lattice-convex set, let ¢ € {4, —} and put
E := E,(B). Call B o-balanced if

(i) Py(B) < |BJ;
(ii) Pp(B) < Pp(B\ E) + |E;
(iii) for every integer ¢t € [min7(B), max w(B)], one has |B N L;| > |E| — 1.

Lemma D.5 (Existence). Let S be a non-empty finite lattice-convex set with Py(S) < |S|. Then
there are a sign o and a o-balanced set B C S.

Proof. Construct Dy := S 2 D1 2 --- 2 Dg = @ as follows: if D; # &, choose o; with
|Ey,(D;)| < |E_s,(D;)| — either sign will do when D; has a single row, where £, = E_ = D; —
and put D;y1 := D; \ Ey,(D;). Each D; is again lattice-convex: after an extreme row has been
deleted the remaining points lie in an open half-plane, so the lattice points of their convex hull
still belong to D; and do not lie on the deleted row. Put f(i) := Pyp(D;) — |D;|; then f(0) <0 and
f(K) =1, so there is a smallest ¢ with f(i + 1) > 0, and for it f(i) <0 < f(i +1). Let B := D;,
o :=o0; and F := E,(B). Condition (i) is f(i) < 0. For (ii), Pp(B) < |B| = |[B\ E| + |E| <
Py(B\ E) + |E|.

For (iii), write n = |E| and E' = E_,(B), so |E’| > n. If n = 1, the required lower bound
is zero and holds for every integer t. If B has only one row, the only relevant row contains
n points, so (iii) also holds. Hence assume n > 2 and min7(B) < maxn(B). For a real
t € [min7(B), max 7(B)] let A(t) be the length of the intersection of the convex polygon Conv(B)
with the line {m = ¢}; X is concave, by the concavity of the length of parallel chords of a convex
set. On the two extreme rows that intersection is exactly Conv(E), respectively Conv(E’), a
supporting line meeting the polygon in the convex hull of the vertices it carries, of lengths
(n—1)|u| and (|E'| — 1)|u| > (n — 1)|u]. Hence A\(t) > (n — 1)|u| for every ¢ in that interval. For
every integer t there, surjectivity of m gives a lattice point on L, and the lattice points of L; are
spaced |u| apart. Its intersection with Conv(B) is a closed segment of length at least (n — 1)|ul,
so it contains at least n — 1 lattice points. These belong to B by lattice convexity. This proves
(iii) at every intermediate integer height, including those not assumed in advance to meet B. [

D.4. Ambiguity strips and the propagation lemma.

Definition D.6. Say that 6 has the +-ambiguity strip St]a,b], where a < b, if there is an x € Xj
with = 6 on St[a,b — 1] — an empty condition when a = b — and x # 6 at some point of Lj.
The —-ambiguity strips are defined symmetrically, replacing u by —u.

Lemma D.7 (Propagation). Let B be +-balanced and put n := |E{(B)|. If 6 has some
+-ambiguity strip Stla,b] into which B fits, that is with b — a > ht(B), then 0 is periodic.

Proof. (1) Placing B. Translate B so that max w(B) = b; then B C St[a, b], and F := E,(B) =
BnLy,=A{ey,...,ep} with ej11 = ¢ + u, while By := B\ E C St[a,b — 1], possibly empty. Put
t_ := minn(B). Take a witness z € Xy of the ambiguity: = 6 on St[a,b — 1] and = # 6
somewhere on L;. Note that By + iu C St[a,b — 1] for every i € Z, so z = 6 on each By + iu.

(2) Two determination rules. For 0 < ¢ < n put D; := ByU{e1,...,e;} and D} := By U
{en—it1,.--,en}. By (ii) of Definition D.4, Py(D,) — |Dyn| < Pyp(Do) — |Do|, so there is a
k €{0,...,n — 1} with Py(Dyy1) — |Dg+1| < Pp(Dy) — |Dg/|, that is Py(Dy11) < Pyp(Dy) + 1;
the restriction map Pat(Dy11,0) — Pat(Dy,0) being onto, this forces Py(Dy11) = Py(Dy) and
makes that map a bijection. Hence:

(Ry) for every y € Xy and v € Z?, the value y(ex,1 + v) is determined by y|p, 4o-
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In the same way there is a ¥’ € {0,...,n — 1} with
(R_) for every y € Xy and v € Z2, the value y(e,_p + v) is determined by y|D;€,+U.

(8) Claim: z|p,tiu # 0|Dy+iu for every i € Z. Suppose x = 0 on Dy + igu. If k = 0, then
Dy = By, and (1) together with (R4) gives x(eq + iu) = f(e1 + iu) for every i, that is x = 0
on Ly, against the choice of the witness. So let &k > 1. By (Ry), z(egs1 + igu) = 0(exr1 + iou);
hence x = 6 on Dy, + (ip + 1)u, whose points are those of By + (ig + 1)u, by (1), together with
the points e; + (ip + 1)u = ej1 + igu for 1 < < k, which lie in Dy + ipu when | < k — 1 and
are the point just treated when [ = k. By induction x = 6 on Dy + iu for every ¢ > iy, hence
on the half-line {e; + su: s > ig} C Ly. Now go left. If ¥’ = 0, then (1) and (R-) give z =0
on {e, +iu:i € Z} = Ly, a contradiction. If ¥ > 1, choose i1 with n — k' + 41 > ig; the points
e1+ (n—k +i1)u,...,e1 + (n — 1 +41)u of the top row of D}, + i1u then lie on that half-line,
so x = 0 on Dy, +iu for every i > i1. By (R-), z(ep—gr + i1u) = 0(ep—pr + t1u), whence z = 6
on D}, + (i1 — 1)u, whose top-row points €; + (i1 — 1)u = ¢j_1 + tju, n — k' + 1 < 1 < n, either
lie in D}, + 41u or are the point just treated. Descending induction gives z = 6 on D}, + iu for
every i € Z, and the top rows of these sets cover all of Ly, against the choice of the witness. The
claim follows.

(4) Counting. By (3) and (1), for each i the patterns z|p4;, and 0|p+;, are two B-patterns of
0 which agree on By + iu and differ somewhere. So every pattern v in I" := {0|g, 1 : 1 € Z} C
Pat(By, ) has at least two extensions to a B-pattern, N(vy) > 2. But

Y. (N —1)=Py(B) - Py(Boy) < |E| =n
~y€Pat(By,0)
by (ii), so |[I'| < n — 1; in particular n > 2, since otherwise I' would be empty, which it is not.

(5) Periodicity of the rows of By. Assume By # &; when By = &, one has t_ = b, the initial
strip St[t_,b — 1] is empty, and one takes QQp := 1. For every integer ¢ with t_ < ¢ < b— 1,
condition (iii) and n > 2 from (4) give [BN Lt > n —1 > 1. Thus no row of this strip is
missing. By lattice convexity, BN L; = By N L; is a run of my > n — 1 consecutive points
w, we + u, .., wp + (myg — )u. Put &(s) := 0(w, + su) for s € Z. As i varies, 0|p,1 takes at
most n — 1 values, so its restriction to the first n — 1 points of row ¢t — that is, the word of
length n — 1 read in & from position ¢ — takes at most n — 1 values, and &; has at most n — 1
subwords of length n — 1. By the one-dimensional Morse-Hedlund theorem [13] (a bi-infinite
sequence with at most m subwords of some length m is periodic; see also [2, Theorem 1.1]), & is
periodic. Let Qg be a common multiple of the periods of these rows; then 6(v + Qou) = 6(v) for
all v e Stit_,b—1].

(6) Extending upwards one row at a time. If A <b—t_, then b—1—t_ > A, so the strip
obtained in (5) already contains St[t_,t_ + AJ; take Q* := Qo and proceed to (7). Otherwise
A >b—t_. Suppose R > b and 0 has period Qu on St[t_, R — 1], which for R = b is step (5)
with @ = Qo. Choose w with m(w) = R — b, so that the top row of B + w lies on Lp
and By + w + iu C St[t_, R — 1]; then the pattern 6|p,4y+iu depends only on ¢ mod Q. Put
ys := 0(e1 + w + su) and apply (Ry) and (R_) to y := 0 and v = w + iu:

Yit+k is determined by (i mod Q; i, ..., Yitk—1),
yi—1 is determined by (i mod Q; ys, ..., Yith'—1)s

the second being (R_) at v = w+ (i — n + k')u. Put K := max(k,k’,1) and let o; :=
(t mod Q; ¥i, ..., Yitk—1) € Z/Q X Ff. Then o1 is determined by o;, and so is 0;,_1. Let ® be
the forward map, defined on the set X of states that actually occur; backward determinacy makes
® injective on X, since ®(0) = ®(0’) forces o = ¢/, and X is finite, so P is a bijection of ¥ and
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the bi-infinite orbit (o;) is periodic. Its period @’ is a multiple of @, by the phase component,
and Y4 = ys. Hence 0 has period Q'u on St[t_, R]. Iterating from R=bup to R=1t_ + A,
finitely many steps, gives a Q* for which 6 has period Q*u on the strip St[t_,t_ + A], of width
A

(7) By Lemma D.3, 0 has period Q*hy. O

Remark D.8. Step (5) of Lemma D.7 is the argument of [17, Lemma 4] and of [6, Lemma 2.24];
steps (6) and (7) replace [17, Lemma 3|, which appeals to Lemma 39 of [11], and use nothing
beyond the generating property and the explicit annihilator.

D.5. Proof of Theorem D.1. Suppose 6§ is not periodic. Replacing ho by cho for an integer
¢ > 1, which changes neither 7 nor u, we may assume A > ht(S) + 1. Put

D :={ahi + Bhy: a,f €[0,1)}NZ2, Dj := D + jha, S; = St[jA, (G + 1)A —1].

Every v € Z? is uniquely v = ahy + Bhy with o, € R, and 7(v) = BA, so v € S; if and
only if § € [j,j + 1); in that case v — |a|hy = {a}hi + [hy is a lattice point of D;. Hence
S; = Dj + Zhy, and distinct values of |a| give distinct points, so the union is disjoint. Put
N = Py(D) < oc.

(a) A balanced set, and unambiguity. Take a o-balanced B C S by Lemma D.5. We may
assume o = +: otherwise replace u, hi,m, ho by —u, —hi, —m, —hg, respectively. This keeps
hi = ciu with ¢; > 1 and A > 0, and condition (iii) is unchanged when the order of the integer
heights is reversed. Use these oriented periods in the definitions of D, D;, S; and N above. Since
6 is not periodic, the contrapositive of Lemma D.7 says: for all a < b with b —a > ht(B) and
every x € Xp, if x = 6 on St[a,b — 1] then x = 6 on St[a,b]. Iterating row by row,

x =0 on Stla,b], b—a>ht(B)—1 = z =0 on {r >a}. (D.2)

(b) A witness of non-periodicity. N!hg is not a period of 0, so there is a vy with 8(vg + N'lhg) #
0(vo). Put k := |m(vg)/A| — N, so that m(vg) > (k+ N)A.

(¢) Pigeonhole. Among the N + 1 patterns f|p,, , 0 < j < N, at most N are distinct, so there
are 0 < j < j/ < N with (v + (j' — j)h2) = 6(v) for all v € Dy;. By (D.1) this holds for all
v € Skyj, that is z := TU'=)M20 € X, satisfies © = 6 on Spy; = St[(k + J)A, (k+j+ 1A —1].
That strip has width A — 1 > ht(S) > ht(B), so (D.2) gives = 6 on {m > (k + j)A}, that is

O(v+ (' — j)h2) = O(v) whenever w(v) > (k + j)A.

Since w(hg) = A > 0, that half-plane is invariant under +(j' — j)he; applying the identity
repeatedly, and using (5" — j) | N!, we get 8(v + Nlhy) = 0(v) for every v with 7(v) > (k + j)A.
But 7(vg) > (k+ N)A > (k+ j)A, so (vg + N'hy) = 0(vg), contradicting (b). O

Remark D.9. The proof of Theorem D.1 works for any finite-valued configuration with a decom-
position into two periodic configurations over an abelian group. The required algebraic identity
s (D.1): the difference (- + sha) — 6 is hi-periodic. Over Z it is the convex generalisation of
[17, Theorem 1] recorded as [2, Theorem 1.7].
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